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Abstract 



^^ ■ For two nearby disjoint coassociative submanifolds C and C" in a 

(-H I G2-manifold, we construct thin instantons with boundaries lying on 

C and C" from regular J-holomorphic curves in C. We explain their 
relationship with the Seiberg-Witten invariants for C. 



^ ! 1 Introduction 

> 



Intersection theory of Lagrangian submanifolds is an essential part of the 
symplectic geometry. By counting the number of holomorphic disks bound- 
ing intersecting Lagrangian submanifolds, Floer and others defined the cel- 

^^ I ebrated Floer homology theory. It plays an important role in mirror sym- 

metry for Calabi-Yau manifolds and string theory in physics. In M-theory, 
Calabi-Yau threefolds are replaced by seven dimensional G2-manifolds M 
(i.e. oriented Octonion manifolds i24j). The analog of holomorphic disks 

^ ' (resp. Lagrangian submanifolds) are instantons or associative submanifolds 

(resp. coassociative submanifolds or branes) in M [23]. In [16], the Fred- 
holm theory for instantons with coassociative boundary conditions has been 
set up. However, existence of instantons is still a difficult problem. As a 
first step, we want to give a construction modeled on the work of Fukaya 
and Oh [9j in symplectic geometry. As it was shown in [9j that if we choose 
two nearby Lagrangian submanifolds in such a way that one is the graph 
of a closed one form on the other then the holomorphic disks bounding two 
is closely related to gradient flow lines of the one form. Searching for the 
analogue in G2-geometry leads us to study the following problem. 



Problem: Given two nearby coassociative subnianifolds C and C" in a 
(almost) G2-nianifold M. Relate the number of instantons in M bounding 
C U C" to the Seiberg-Witten invariants of C. 

The basic idea is as follows: When the coassociative submanifold C" is 
sufficiently close to C, then it is the graph of a self-dual two form on C. This 
two form is essentially a symplectic form on C away from the intersection 
C n C. Instantons bounding C L) C would become holomorphic curves on 
C when C" collapses onto C modulo the possible bubblings. By the seminal 
work of Taubes [32] on the equivalence of Gromov-Witten=Seiberg-Witten, 
we expect that the number of such instantons is given by the Seiberg-Witten 
invariants of C. 

Settling the above problem completely is very difficult at the current 
stage. We treat the special case when C and C are disjoint, i.e. C is a 
symplectic four manifold in this paper. The basic tool is the gluing technique. 
But even in this simpler case, the set up is quite different from the Lagrangian 
Floer theory (c.f. Fukaya and Oh [9j). Our domains are three dimensional 
instead of two dimensional and we have to deform the submanifolds rather 
than deforming the maps as was done in Floer theory. This is because we do 
not have the luxury of applying the conformal geometry in dimension two to 
transform the problem of finding holomorphic curves into the one of finding 
holomorphic maps. Furthermore, the linear theory is more difficult in this 
case since we have to deal with a problem which lacks uniform ellipticity, 
as we will explain in Section 13.31 Since the G2 form is cubic, the needed 
quadratic estimate of 3-dimensional instanton equation appears unavailable 
in U' setting (see end of Section 14.21 ) . So we set up the problem in Schauder 
setting, and in linear theory we need to go further from U' estimates to 
Schauder estimates. This is different from [9j. 

As C should be sufficiently close to C, we assume that they arise in an 
one-parameter smooth family of coassociative submanifolds Ct with small t. 
Contracting with the normal vector field n := dCt/dt\t=o for the infinitesimal 
deformation with the G2-form Q, we obtain a closed self-dual two form t„r2 G 
^+ (Co)- Using the induced metric, from n one can define an almost complex 
structure J = J^ on Cq away from the zero set of i„r2 (see ^ for details). 

Theorem 1 Suppose that (M, fi) is a G2-m.anifold and {Ct} is an one- 
parameter smooth family of coassociative submanifolds in M . When t„J7 S 
^\ (Co) is nonvanishing, then 

1. (Proposition\B^ //{At} is any one-parameter family of associative sub- 



manifolds (i.e. instantons) in M satisfying 

dkt C Ct U Co, lim Ai n Co = So in C^ -topology, 

t— s-O 

then So is a Jn-holomorphic curve in Cq. 

2. (Theoreni \2^) Conversely, every regular Jn-holomorphic curve 'Eq (namely 
the linearization of dj^ on So is surjective) in Cq is the limit of a fam- 
ily of associative submanifolds At 's as described above. 

Notice that in the product situation, where 

(M, f)) := {XxS^, Re Ox + wx A dO) 

(c.f. Section [2. 2p with {X,Vtx) being a Calabi-Yau threefold, then our the- 
orem would follow from the work of [9j. 

The paper is organized as follows: In Section [2l we first recall some basics 
in Floer theory, next we describe their C2-counterparts, then we explain 
the connection between instantons and Seiberg-Witten invariants, and last 
we study the deformation of instantons with aim to generalize to almost 
instantons. In Section [Sj we first study operator P on a type of thin 3- 
manifolds, which is an linear approximation of the instanton equation, then 
we give the L^ and Schauder estimates of its inverse P~^. In Section IU we 
first compare the linearized instanton equation on almost instantons with 
the operator T> on linear models, then we use implicit function theorem to 
perturbe almost instantons to true instantons, thus prove our main theorem. 
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2 Inst anions of Dimension 2 and 3 

2.1 Review of Symplectic Geometry 

Given any symplectic manifold {X, uj) of dimension 2n, there exists a com- 
patible metric g so that the equation 

oj {u,v) = g {Ju,v) 

defines a Hermitian almost complex structure 

J:Tx^ Tx, 

that is J^ = —id and g {Ju, Jv) = g {u, v). 

A holomorphic curve, or instanton of dimension 2, is a two dimen- 
sional submanifold S in X whose tangent bundle is preserved by J. Equiv- 
alently S is calibrated by w, i.e. wjs = voIy.- By counting the number of 
instantons in X, one can define a highly nontrivial invariant for the sym- 
plectic structure on X, called the Gromov-Witten invariant. 

When the instanton S has nontrivial boundary, then the corresponding 
boundary value problem would require dTi to lie on a Lagrangian subman- 
ifold L in X, i.e. diniL = n and u:\l = 0. Floer studied the intersection 
theory of Lagrangian submanifolds and defined the Floer homology group 
HF (L, L') under certain assumptions. 

Suppose that X is a compact Calabi-Yau manifold, i.e. the holonomy 
group of the Levi-Civita connection is inside SU (n), equivalently J is an 
integrable complex structure on X and there exists a holomorphic volume 

form nx e 0'^'°(X) on X satisfying (-1)^2~ (i/2)"0x A ^x = uj''/n\. 
Under the mirror symmetry transformation, HF (L, L') is expected to cor- 
respond to the Dolbeault cohomology group of coherent sheaves in the mirror 
Calabi-Yau manifold. 

A Lagrangian submanifold L in X is called a special Lagrangian sub- 
manifold with phase zero (resp. 7r/2) if ImilxiL = (resp. Heilxli = 
0). With suitable choice of orientation of L, L is calibrated by ReQx\L 
(resp.Lnrijf |l)) that is ReOxli is the volume form of L. They play impor- 
tant roles in the Strominger-Yau-Zaslow mirror conjecture for Calabi-Yau 
manifolds [3I1 . 

When X is a Calabi-Yau threefold, there are conjectures of Vafa and 
others (e.g. [3] [13]) that relates the (partially defined) open Gromov-Witten 
invariant of the number of instantons with Lagrangian boundary condition 
to the large N Chern-Simons invariants of knots in three manifolds. 



2.2 Counting Instantons in (almost) G'2-nianifolds 

Notice that a real linear homomorphisni J : M"* — )• M™ being a Hermitian 
complex structure on M™ is equivalent to the following conditions: for any 
vector V G M™ we have 

1. Jf is perpendicular to both v. 

2. \Jv\ = \v\. 

We can generalize J to the case involving more than one vector. We call 
a skew symmetric bilinear map 



a (2-fold) vector cross product if it satisfies 

(i) {u X v) is perpendicular to both u and v 

(ii) \u X v\ = Area of parallelogram spanned by u and v. 

The obvious example of this is the standard vector product on M^. By 
identifying R^ with ImH, the imaginary part of the quaternion numbers, we 
have 

u X V = Im vu. 

The same formula defines a vector cross product on R^ = ImO, the imagi- 
nary part of the octonion numbers. Brown and Gray |14] showed that these 
two are the only possible vector cross product structures on R™ up to auto- 
morphism of R*". 

Suppose that M is a seven dimensional Riemannian manifold with a 
vector cross product x on each of its tangent spaces. The analog of the 
symplectic form is a degree three differential form Q on M defined as follow: 

il (n, v,w) = g {u X v, w) . 

Definition 2 Suppose that (M, g) is a Riemannian manifold of dimension 
seven with a vector cross product x on its tangent bundle. Then 

1. M is called an almost G2-inanifold if dQ = 0. 

2. M is called a G2-Tnanifold ifVQ = with V being the Levi-Civita 
connection. 



Remark 3 M is a G2-manifold if and only if its holonomy group is inside 
the exceptional Lie group G2 = Aut (O). The geometry of G2-manifolds can 
he interpreted as the symplectic geometry on its knot space (see e.g. I23f . 

A typical family of examples of G2-manifolds can be obtained via the 
product manifold M := X x S^ with {X^ojx) being a Calabi-Yau threefold 
with a holomorphic volume form Ox, and the G2-form is given by 

= Ref^x +wx hdO. 

Next we define the analogs of holomorphic curves and Lagrangian sub- 
manifolds in the G2 setting. 

Definition 4 Suppose that A is a three dimensional submanifold of an al- 
most G2-manifold M . We call A an instanton or associative submani- 
fold, if TA is preserved by the vector cross product x . 

Harvey and Lawson ^ITj showed that ^ C M is an instanton if and only if 
A is calibrated by ri, i.e. Q.\a = voIa- This is in turn equivalent to t\ta = 
(Lemma H ([13, [23])) for r defined in ([3D. 

In M-theory, associative submanifolds are also called M2-branes. In the 
case when M = XxS^ with X a Calabi-Yau threefold, S x 5^ (resp. L x {p}) 
is an instanton in M if and only if E (resp. L) is a holomorphic curve (resp. 
special Lagrangian submanifold with zero phase) in X. 

A natural interesting question is to count the number of instantons in M. 
In the special case of M = X x 5^, these numbers are related to the conjec- 
tural invariants proposed by Joyce [21] by counting special Lagrangian sub- 
manifolds in Calabi-Yau threefolds, and the product of holomorphic curves 
with S^. This problem has been discussed by many physicists. For ex- 
ample Harvey and Moore discussed in p^ the mirror symmetry aspects of 
these invariants; Aganagic and Vafa in [3] related these invariants to the open 
Gromov-Witten invariants for local Calabi-Yau threefolds; Beasley and Wit- 
ten argued in [1] that when there is a moduli of instantons, then one should 
count them using the Euler characteristic of the moduli space. The compact- 
ness issues of the moduli of instantons is a very challenging problem because 
the bubbling-off phenomena of (3-dimensional) instantons has not been well 
understood. This makes it very difficult to define an honest invariant by 
counting instantons. 

It is analoguous to the Floer homology for langrangian intersections, 
when an instanton A has a nontrivial boundary, dA ^ 4>, one should require 
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it to lie inside a brane or a coassociative submanifold to make it a well- 
posed elliptic problem (see [16] for Predholmness and index computation), i.e. 
submanifolds in M where the restriction of Vt is zero and have the largest 
possible dimension. Branes are the analog of Lagrangian submanifolds in 
symplectic geometry. 

Definition 5 Suppose that C is a submanifold of an almost G2-manifold 
M. We call C a coassociative submanifold if 

Q\c = and dimC = 4. 

For example when M = X x S^ with X a Calabi-Yau threefold, H x 
S^ (resp. C X {p}) is a coassociative submanifold in M if and only if H 
(resp. C) is a special Lagrangian submanifold with phase 7r/2 (resp. complex 
surface) in X. In ^] J.H. Lee and the first author showed that the isotropic 
knot space fCgiX of X admits a natural holomorphic symplectic structure. 
Moreover tCgiH (resp. ICgiC) is a complex Lagrangian submanifold in fCgiX 
with respect to the complex structure J (resp. K). 

Constructing special Lagrangian submanifolds with zero phase in X with 
boundaries lying on H (resp. C) corresponds to the Dirichlet (resp. Neu- 
mann) boundary value problem for minimizing volume among Lagrangian 
submanifolds as studied by Schoen and others. For a general G2-manifold M, 
the natural boundary value for an instanton is a coassociative submanifold. 
Similar to the intersection theory of Lagrangian submanifolds in symplectic 
manifolds, we propose to study the following problem: Count the number of 
instantons in G2-manifolds bounding two coassociative submanifolds. 

The product of a coassociative submanifold with a two dimensional plane 
inside the eleven dimension spacetime M x M^'^ is called a D5-brane in M- 
theory. Counting the number of M2-branes between two D5-branes has also 
been studied in the physics literatures. 

In general this is a very difficult problem. For instance, counting S^- 
invariant instantons in M = X x S^ is the open Gromov-Witten invariants. 
However when the two coassociative submanifolds C and C are close to 
each other, we can relate the number of thin instantons between them to the 
number of J- holomorphic curves in C (Theorem [T]) , hence by Taubes' work, 
the Seiberg-Witten invariant of C. 

2.3 Relationships to Seiberg-Witten Invariants 

To determine the number of instantons between nearby coassociative sub- 
manifolds, we first recall the deformation theory of compact coassociative 



submanifolds C inside any G2-nianifold M, as developed by McLean [26]. 
Given any normal vector field n G F {N(^n.j), the interior product tnQ is 
naturally a self-dual two form on C because of Q\c = 0. This gives a natural 
identification, 

r {Nc/m) ^ K (C) 

n -> r/o = Ln^. (1) 

Furthermore infinitesimal deformations of coassociative submanifolds are pa- 
rameterized by self-dual harmonic two forms r/o € H^ (C), and they are 
always unobstructed. Notice that the zero set of rjo is the intersection of C 
with a infinitesimally nearby coassociative submanifold Ct, that is 

{r,o = 0} = lim{CnCt), 

where C = Cq and 770 = dCt/dt\t=o- 
Since 

% A r/o = r/o A *% = |%P * 1, 

r]Q defines a natural symplectic structure on C^'^^ := C\ {r/o = 0}. If we 
normalize r]Qtor], 

Ti = m/\m\ , 

then the equation 

r](u,v) = g{Ju,v) 

defines a Hermitian almost complex structure J on C^'*^^. The J is deter- 
mined by r/, which in turn is determined by n, so we denote it by Jn- More 
exphcitly, for u G TC''^ ^ 

Jn (u) = |np n X u. (2) 

The next proposition says that when two coassociative submanifolds C 
and C come together, not necessarily disjoint, then the limit of instantons 
bounding them will be a J^-holomorphic curve S in C'^'^9 with boundary 

CnC. 

Proposition 6 Let M be a G2-manifold. Suppose that for some £q > 0, 
there is a smooth map 

V' : C X [0, eo] ^ Af 



such that for each t G [0,eo]) ''/'*(■) •= ''Pi'^t) ^^ ^ smooth immersion of 
C into M as a coassociative submanifold Ct := ip {C x {t}). Suppose that 
n = dCt/dt\t=o G r {N(j/jyf^ is nowhere vanishing, and 

0t : S X [0, t] — > M 

is a smooth family of instantons in M such that for each t £ (0,eo]; (pt is 
an associative immersion with boundary condition 

(Pt (S X {0}) C Co := V (C X {0}) , 0i (S X {t}) C C* := V (C x {t}) . 

Suppose that the C^-limit of (pt{^ x {0}) exists as e — )• 0. Then Sq := 
limt^O'/'t (^ X {0}) is a Jn-holomorphic curve in Cq , 

Proof. Let us denote the boundary component of At =Image(</)t) in Co by 
Si, i.e. Tit '■= <Pt (S X {0}). Let wt be a unit normal vector field for St in At. 
We claim that wt is perpendicular to Cq. To see this, note that TAt being 
preserved by the vector cross product implies that 

Wt = u X V 

for some tangent vectors u and w in Sj; In fact for any unit vector u £ TT,t, 
V := Wt X u £ TTit by associativity condition of At and 

u X V = —u X (u X Wt) 

= T (n, n, Wt) + g {u, wt)u + g {u, u) wt 
= + + Wt = Wt, 

where we have used in the second row the definition of r in ([3]) and in the 
third row that T\TAt = by the associativity condition of At. Therefore 
given any tangent vector w along Co, we have 

g {wt, w) = g {u X V ,w) = VL (n, v, w) = 0, 

where the last equality follows from Cq being coassociative and S^ C Co. 
Using this and the fact that At hounds Cq U Ct with limt^oCi = Co, we 
conclude that Wt is pointing towards Ct- Reparametrize (/)t : S x [0, e] — )• M 
when necessary, for small t we can assume that -^<pt {z, s)\ _„ is parallel to 
Wt {z) for any z £ S. Noting that 

(pt (z, 0) C Co and (pt (z, t) C Cj, 



we see linit^o wt (z) is parallel to 



dt 



t=o 



n 



er(So,iVc„/M)- 



So 



Therefore along Sq 



lim wt (z) = \n (z) I n(z) . 

i-T-0 



For any ut € TSt, wt x ut -L wt in associative At so 

Wt y. ut G TT,t. 

Since St — )■ Sq in C^ topology, for any u G TSq, u can be realized as the 
limit of Ut- Therefore 



Jn{u) 



\n\ 



n X u 



lim (wt X Ut) G lim rS+ 



TSn 



i.e. So is a J„-holomorphic curve in Co with respect to the almost complex 
structure J„ defined ([2]). ■ 

The reverse of the above proposition is also true (Theorem [22]) . The 
Lagrangian analog of it was proven by Fukaya and Oh in [5]. On the other 
hand, by the celebrated work of Taubes, we expect that the number of such 
holomorphic curves in Co equals to the Seiberg-Witten invariant of Cq. We 
conjecture the following statement. 

Conjecture: Suppose that C and C" are nearby coassociative subman- 
ifolds in a G2-manifold M. Then the number of instantons in M with small 
volume and with boundary lying on C U C" is given by the Seiberg-Witten 
invariants of C. 

The main result of our paper is to solve a special case of the above 
conjecture, namely, we will concentrate on the case that C and C" are both 
compact and they do NOT intersecl|j. The basic ideas are (i) the limit 
of such instantons is a J-holomorphic curve for almost complex structure 
J compatible to the (degenerated) symplectic form rj on C coming from its 
deformations as coassociative submanifolds and this process can be reversed; 
(ii) the number of J-holomorphic curves in the four manifold C should be 
related to the Seiberg-Witten invariant of C by the work of Taubes ([33], 
[3lj). Note that one only gets one symplectic form rj (and hence one almost 
complex structure J) from a given coassociative deformations of C, though 
of course one can get more (from different coassociative deformations). 



^In the remaining of the paper, we will always assume C and C' are compact and they 
do NOT intersect. 
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Suppose that rj is a self-dual two form on C with constant length v2, in 
particular it is a (non-degenerate) symplectic form, and S is a holomorphic 
curve in C, possibly disconnected. If S is regular in the sense that the 
linearized Cauchy-Riemann operator Dj^dj has trivial cokernel [32], then 
Taubes showed that the perturbed Seiberg-Witten equations. 

Fa = T {iIj ® %!)*) - rV^r], 
DA(a)'^ = 0, 

have solutions for all sufficient large r. Here a is a connection on the complex 
line bundle E over C whose first Chern class equals the Poincare dual of S, 
PD [E], f/; is a section of the twisted spinor bundle Sj^ = E (B {^K~'^ (^ E) 
and Dj^(^f;^-j is the twisted Dirac operator. The number of such solutions is the 
Seiberg-Witten invariant SWc (E) of C. Furthermore the converse is also 
true, namely the Seiberg-Witten invariant SWc (S) is equal to the Gromov- 
Taubes invariants counting holomorphic curves S. Thus Taubes established 
an equivalence between Seiberg-Witten theory and Gromov-Witten theory 
for symplectic four manifolds. This result has far reaching applications in 
four dimensional symplectic geometry. 

For a general four manifold C with nonzero b^ (C), using a generic metric, 
any self-dual two form r] on C defines a degenerate symplectic form on C, i.e. 
rj is a symplectic form on the complement of {r/ = 0}, which is a finite union 
of circles (see |llj|20]). Therefore, one might expect to have a relationship 
between the Seiberg-Witten invariants of C and the number of holomorphic 
curves with boundaries {rj = 0} in C. Part of this Taubes' program has been 
verified in [33], [M] . 

Suppose that r/ is a nowhere vanishing self-dual harmonic two form on 
a coassociative submanifold C in a G2-manifold M. For any holomorphic 
curve S in C, we want to construct an instanton in M bounding C and C, 
where C is a small deformation of the coassociative submanifold C along the 
normal direction given by r]. Notice that C and C" do not intersect. We will 
construct such an instanton using a perturbation argument which requires 
a lower bound on the first eigenvalue for the appropriate elliptic operator. 
Recall that the deformation of an instanton is governed by a twisted Dirac 
operator. We will reinterpret it as a complexified version of the Cauchy- 
Riemann operator in Section 13.11 

2.4 Deformation of Instantons 

To construct an instanton A in M from a holomorphic curve S in C, we 
need to perturb an almost instanton A' to a honest one using a quantitative 
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version of the implicit function theorem. Let us first recah the deformation 
theory of instantons A ([T7] and [23]) in a Riemannian manifold (M, g) with 
a parallel (or closed) r-fold vector cross product 

X : A^TM -^ TM. 

In our situation, we have r = 2. By taking the wedge product with TM we 
obtain a homomorphism r, 

r : A''+^rM -^ A^TM ^ A^T*M, 

where the last isomorphism is induced from the Riemannian metric. As a 
matter of fact, the image of r lies inside the subbundle gj^ which is the 
orthogonal complement of qm C so (TM) = A^r*M, the bundle of infinites- 
imal isometrics of TM preserving x . That is, 

r+l ( i\/r „-L 



Te^'+'[M,Qi, 

Lemma 7 ( \11i^ , ]23^ ) An r + l dimensional submanifold Ac M is an in- 
stanton, i.e. TA is preserved by x, if and only if 

t\a = 0£ O'^+i (a 



This lemma is important in describing deformations of an instanton. 
Mclean [20] used this to show that the normal bundle to an instanton A 
is a twisted spinor bundle over A and infinitesimal deformations of A are 
parameterized by twisted harmonic spinor s. 

In our present situation, (M, g) is a G2-manifold. Using the cross prod- 
uct, we can identify g^ C IS?T*M ^ A^TM with the tangent bundle TM, 
i.e. for u Av ^ A^TM, we identify it with w E TM that w = u x v. Then 
we can also characterize t £ Q,"^ (M, TM) by the following formula, 

{*n) {u, V, w,z) = g (r {u, v, w) ,z) , 

More explicitly, 

r (n, V, w) = —u X {v x w) — g (u, v) w + g {u, w) v. (3) 

Therefore Ac M is an instanton if and only if *a (''"I a) = G Tm\a- 
Example. The G2 manifold M^: 

R'' ~ ImO ~ ImH® H = {(2;ii + a;2J + X3k, X4 + xsi + xej + X7k)} , 
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the standard basis consists of Cj = ^ (i = 1, 2, • • • 7), the multiphcation x 
for {a,b),{c,d) G ImMe M ~ ImO is " 

{a,b) X {c,d) = {ac-d*b,da + bc*) (4) 

(Cayley-Dickson construction), where z* denotes the conjugate of the quater- 
nion z. The G2 form Q is 

O — , ,123 , ,167 , ,527 , ,563 , ,154 , ,264 , ,374 

the form r is the following ((5.4) in 

,256 , ,247 I , ,346 



U / 1 c:r 1/17 ^/ic; QR7\ C 



, ,^-^^ -0J-+ a;346 _ ^357) - ^ / 156 _ ^147 _ ^345 + ^367) 

' oxi 0x2 

+ (a;245 - 0;267 _ ^146 _ ^157) d ^ / 567 _ ^127 ^ ^136 _ ^235) 9 

^ 0X3 0X4 

+ (a;126 _ ^467 ^ ^137 ^ ^234) 9 ^ ,,,, _ ^,,, _ ^134 ^ ^237) ^ 

' ax5 ' oxq 

+ (^124 _ ^456 _ ^135 _ ^236)^ (5^ 

^ ' OXy 

where w*-''^ = dxiAdxjAdxk- TheImHI©{0} is associative (i.e. an instanton) , 
and {0} ©H is coassociative. 

As a matter of fact, if A is already close to be an instanton, then we only 
need the normal components of *a (''"Ia) to vanish. 

Proposition 8 There is a positive constant 6 such that for any 3-plane A 
in (m7,Q,^ with \t\a\ < 6, A is an instanton if and only if*A {t\a) G Ta- 

Proof. McLean observed (From formula (5.6) in [26J) that if At is a family 
of linear subspaces in M = M^ with Aq an instanton, then 



*At 



dt 



t=o 



£ NAo/M C Tjv/Iao- 



We may assume that A is spanned by ei, 62 and 63 = 63 + ^^^4 taCa for some 
small ta's where e[s is a standard basis for MJ , in particular ei x 62 = 63. 
This is because the natural action of G2 on the Grassmannian Gr (2, 7) is 
transitive. An easy computation (c.f. equation (5.4) in [26j) shows that the 
normal component of * (t|a) in A^A/Af is given by 

* (tIa)^ = -t5 (64)^ + h (65)^ + tj (ee)^ - te (er)^ , 
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where (•) denote the orthogonal projection onto A^A/M-When i^'s are all 
zero, we have (ca) = Ca for 4 < a < 7. In particular, they are linearly inde- 
pendent when taS are small. In that case, * (tJa) = will actually imply 
that ta = for all a, i.e. A is an instanton in M. Hence the proposition. ■ 

This proposition will be needed later when we perturb an almost instan- 
ton to an honest one. We also need to identify the normal bundle A^a/m 
to an instanton A with a twisted spinor bundle over A as follow |26j: We 
denote P to be the SO (4)-frame bundle of N^/m- Using the identification 

a : SO (4) = Sp (1) x Sp (1) / ± (1, 1) -^ SO (M) , 

{p, q) ■ y = pyq, with p,q £ Sp (1) and y £ M. 

Mclean [26] have shown that the normal bundle Nf^n,f can be identified as 
an associated bundle to P for the representation SO (4) — )• SO (H) given 
by (p, q) • y = pyQ- The spinor bundle S of A is associated to P for the 
representation s : SO (4) — )• SO (H) given by {p, q) ■ y = yq- Let E be the 
associated bundle to P for the representation e : SO (4) — )• SO (H) given by 
(p, q) ■ y = py- Then because the 3 representations a, s and e have relation 

a = s o e, 

we obtain 

Alternative proof of Np^/jy^ = § (8)e E using explicit frame identification is 
contained in the proof of next theorem. 

We re-derive McLean's theorem on deformation of associative subman- 
ifolds A va. & G2 manifold M. The original proof (Theorem 5.2 in [26j ) 
is not quite precise: the associative form r G Q'^ (M, TM) is vector-valued 
rather than a usual differential form, so the pull back operation and Cartan- 
formula need to be clarified. The key is to define suitable notion of pull back 
for vector-valued forms. Our calculation is flexible and can be extended to 
almost associative submanifolds in later sections. Other proofs were given 
in p] and [E]. 

Theorem 9 (McLean) Under the correspondence of normal vector fields 
with twisted spinors, the Zariski tangent space to associative submanifolds 
at an associative sub-manifold A is the space of harmonic twisted spinors on 
A, that is the kernel of the twisted Dirac operator. 
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Proof. For any section V of N^n.f with with C^ norm smaher than the 
injective radius 5q of M, we define a nonhnear map 

F:T{NA/M)^^HAi*TM), 
F{V)=Tvo{expV)*T, (6) 

where for the embedding exp V : A ^ M, (exp V)* pulls back the differential 
form part of the tensor r, and Ty : T^^p (tv)^ ~^ TpM pulls back the 
vector part of the tensor r by parallel transport along the geodesic exp^ (tV). 
There is an ambiguity of the form part and vector part of tensor r up to a 
scalar function-valued matrix transform Q and Q~^ respectively, but by the 
linearity of Ty and (expV)* on scalar function factors one can easily show 
the definition of F is independent on such Q, so F is well-defined. 

We make F more explicit by using a good frame. At a point p £ A, we 
pick two orthonormal vectors {Wi, W2} in TpA, then with respect to the in- 
duced connection V^ on A, we parallel transport {Wi, W2, W3 = Wi x W2} 
from p to a neighborhood B in A along geodesic rays from p. Prom the 
construction we see 

V^W,{p) = 0,foTl<i,j<3 (7) 

Then at any q £ B C A we have orthonormal basis 

{W, (q) , W2 (q) , Ws (q) = Wi {q) X W2 {q)] 

spanning TqA. (This uses that Wi (q) x W2 (q) and the parallelly transported 
W3 (p) both orthogonal to Wi (q) and W2 (q) in 3 dimensional A). We further 
choose a smooth normal unit vector field W4 on S in M as following: we 
choose a W4 € A^^i/m (p) then use the parallel transport of Nj^jj^ with respect 
to the induced connection V in A^a/a/ that V = _LV from the metric on 
M, where _L : TM — t- Ny^/j^f is the natural projection. Thus on B, 

W^ ± {Wi,W2,Wi X W2}. 

Using Lemma A. 15 in ^17j (Cayley-Dickson construction) we can uniquely 
extend {Wa iq)}i 2 3 4 to basis {Wa {q)}a=i 2 7 ofTgM, such that Wj+3 (q) = 
Wi (q) X Wi (q) for i = 1,2, 3, and the correspondence 

TgM BWa^CaGlmO, a = 1,2,.. .,7 (8) 

preserves the inner product • and cross product x, where {ea}a=i 2 7 i^ ^^^ 
standard basis of M'^ ~ Im O defined in previous example. So locally A^a/m 
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is trivialized as B x M, and at any q £ B, hy the above basis Wa we have 
algebra isomorphism 

TqM = TqA e Na/m (9) ~ ImM e M ~ ImO 

that smoothly depends on q £ B. Hence N^/j^^f is a quarternion valued 
bundle over A isomorphic to S ®h E. 
From our construction we also have 

"^wWk (p) = for i = 1, 2, 3 and A: = 4, 5, 6, 7, (9) 

because V^y, VF4 (p) = by construction of W4, and for k = 5,6,7 say A; = 5, 

VvK.^5 (p) = ^ (Vh^, {Wi X ^4)) (p) = 1- i^wM xWi + Wix Vw.Wi) (p) 
= ^wWi{p)xWi + WixVi^Wi{p) = 0, (10) 

where the second row is because N^/m {p) ^ ^4 C TpA (for Im O ~ Im H © H, 
(0,EI) X (0, 1) C (ImEI,0) by ©) and Wi x TpA C TpA by associative con- 
dition. We remark that the parallel transport in N^n.^ w.r.t V is an 
isometry, for if Vj^W = for section W in Na/m then 



Vt {W, W) = 2 {VtW, W) = 2 iV^W, W) = 0. (11) 

Next for each q £ B, we parallelly transport the frame {Wa {<i)}a=i 2 7 
along geodesical rays emanating from g in M in N^/m (q) directions up to 
length 6q. This extends the frame to a tubular neighborhood of A in M. 
Then VyWa (q) = for any V £ T {Na/m). If we write 

T = uj''(g)Wa (a = 1,2,..., 7) 

following Einstein's summation convention, then 

F {V) {q) = (exp V)* w" (q) © TyWa (exp^ V) . 

We have 

d 



^'e"" * 



F{tV) 

t=0 



d 

di 



[{exptV)*uj''(^TtvWa] 

t=0 

d(iva;")OTy« + ii/da;"® W« + w"®Vi/Tya (12) 
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Since Vr = and Vy Wq, (q) = by the parallel property of r and Wa, we 
have 

= Vyr (q) = Vyoj" W„ (q) + w" ® VyW^, (q) = Vyoj" (q) W^ (q) , 

and so Vyw" (q) = 0. Since V = d + A and in normal coordinate the 
connection 1-forni A vanishes at q along the fiber direction of Nj^n,f, we 
have iyduj" (q) = 0. Therefore by ()12p . at q we have 

F'{O)Viq)=diivoj'')0Wo,{q). (13) 

By our choice of Wa, the r = c<j" Wq at q is the standard form ([5]), and by 
the parallel property of the cross product x and r, in the neighborhood of q 
in M the r is also of standard form as ([5]) , in the sense that the coordinate 
vector A is replaced by the frame Wj, and uj^^'^ = dx^A dx^ Adx^ is replaced 
by W* A W* A W^ where W* is the dual vector of Wa- Namely 

r = {W2 A VF5 A VFe -W2 AWlAWj+---)®Wi+ similar terms. 

This is because Vy (r (VFj, TV,-, W^)) = for F G T (TVa/m) , by Vt = and 
that {VFqIq,^^ 2 7 is parallel in Nj^/^ directions. Therefore from p^ . simi- 
lar to the way of deriving (5.6) in [26], and noting dW* (p) = (z = 1, 2, • • • 7) 
from d?]) and ([9]), we get 

F'{0)Vip) = d{ivu;'^)(g)Waip) (14) 

= py (p) (g> Wl A W2 A W-^ {p) 
= VV (p) (g) dvolA (p) , 

where for V = V^W^ + V^W^ + V^Wq + y^VFy, 

VV (p) = - {Vl + Vi + V^) W4 + {V^^ + Kf - V^) W5 

+ (^2^ - ^3' + W) We + {Vi + Vi - V^^) W7 

is the twisted Dirac operator (5.2) in [26j and also (]17p below, with V^ = 
dV^ (Wi), and dvolA = Wi AW2 AW^ is the induced volume form on A C M 
since {VFq,}q,^;^ 2 3 ^^ ^^^ orthonormal basis of TA. Since p £ A and section 
V are arbitary, we have 

F' (0) = P dvolA- (15) 

Note that both sides of the above identity are independent on the choice 
of the frame {VFo}^^]^ 2 7- If ^^^ normal vector field V is induced from 
deformation of associative submanifolds {At}Q^^^^ , i.e. 

At = exp U{t)-A for U (t) £ F {Na/m) and U' (0) = F, 
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then differentiating F {U {t)) = at t = and using p^ we get W = on 
A, namely F is a harmonic twisted spinor. ■ 

Remark 10 1. The vector field V is only defined on A C M, hut along 
the geodesic rays from A in the fiber directions of Nf^nj , one can ex- 
tend V to an open neighborhood of A by parallel transport, therefore the 
Lie derivative Lyoo for any 3-forni uj on M makes sense in this neigh- 
borhood. However, the Lie derivative of co restricted on A, namely 
i* (Lvto) is actually independent on the extension of V, as mentioned 
in ]26^ . One can see this from the Cartan formula 



Lyoj = d (iyw) + iydijj 

as following: On A, the second term iydoj is independent on the exten- 
sion of V . For the first term, d{ivu}), since we restrict it on A C M , 
one can directly check that this term only involves the derivatives of 
the section V in tangent directions of A, for any derivative in normal 
direction will contribute a covector not in T*A and make the corre- 
sponding summand in i* (Lvu)) vanish. So i* (Lyu)) is independent on 
the extension ofV to M . 

2. In the above proof, the normal vector field V is used only to ensure that 
exp V : A ^ M is an embedding and give d {iyuj'^)®Wa a twisted Dirac 
operator interpretation on normal bundle Nj<^n,j. Actually, to write 
down the linearization of F, one only needs the normal bundle of A in 
M in differential topology sense, not necessarily in Riemannian metric 
sense. If we denote the differential topological normal bundle by N^J,,, 

then for section V ^ T ( N^fj^ j with small C*^ norm, exp V : A ^ M 
is an embedding so we can define the linearization of F as before. 
Topological normal bundle -/Vfjl , has more flexibility in the study of 
linearization of F on almost instantons and will be used later in this 
paper. 

3. The linearization formula 

F' {<d)V = d (iyw°) (^Wa + ivduj'^ «) M/„ + w" VyM/^ (16) 



holds for any section F G F ( N^Jj^j j , any tangent frame {W^a}j=i 2 ...7 
along any submanifold A C M (not necessarily associative). The 
d (zyw") (S" Wa is the principle symbol term of the first order linear dif- 
ferential operator F' (0) and behaves functorially under the difjeomor- 
phism between two manifolds. To get F' (0) V {p) = d (zyu;") ® Wa (p), 
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one only needs to choose the frame {Wa}oi=i ■■■ 7 *^^* ^^ parallel along 
the curves exp {tv) for all p ^ A and v G ^^JM ^P^' 

4. On an almost instanton A, its Riemannian normal bundle is not closed 
under x by TA in general, so the linearized instanton equation F' (0) V 
can NOT be interpreted as a twisted Dirac operator, although A itself 
has well-defined Atiy ah- Singer Dirac operator. For this reason, we 
will seldom use twisted Dirac operator, but mainly (ji6|) to do com- 
putations and estimates of F' (0) V , with the aid of good local frames 

{^a},=i,2,..7- 

5. At a point p in a general 3-manifold A C M with volume form dvolA, 
we can write the linearization 

F' (0) V{p) = GoV (p) mvolA (p) , 

where G is a first order linear differential operator, whose principle 
symbol depends on the algebraic relation of the frame {Wa} under the 
products X and ■ , and the volume form on A. Besides the associative 
{Wa}i^i2 3+coassociative {Wa} ^^^^ c^ q ^ type frame, there maybe some 
other type of frames leading to meaningful differential operator G. 

By McLean's theorem, the normal bundle to any instanton ^ is a twisted 
spinor bundle S(S'e-£') or simply §, over A. Let P be the twisted Dirac 
operator on A. We want to write it down explicitly in local coordinates 
near p. We let {Wq,}q,^^ be a local orthonormal frame constructed as above. 
Suppose 

V = V^Wi + V^W^ + V^Wfi + V^W-j 

is a normal vector field to A and we write the covariant differentiation of V 
as V iy) := VfWa (^ w* with {w*} being the co-frame dual to {Wj} , then 
the twisted Dirac operator is 

V = WixVi + W2xV2 + W3X V3, (17) 

where V^ := V^^, {i = 1, 2, 3). For instance when the G2 manifold is ImO ~ 
ImH © H and the instanton is ImH, then by viewing 1/ a H valued function, 
V = V'^+iV^+jV^+kV'^, the twisted Dirac opeartor is P = iVi+jV2+kV3. 
Similar to classic Atiyah-Singer Dirac operators, expression (J17p can be easily 
shown to be independent on the choice of orthonormal basis {Wa}j^]^ 2 3 °f 
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TA, thus D is globally defined on A. From (J17p and ([9]) we have 

VV (p) = {Wi XV1 + W2XV2 + W3X V3) (y^VF4 + y V5 + ^^VFe + V'^Wj) 
= - {Vl + Vi + ^3^) ^^4 + (F/ + Kf - V^) W5 
+ (^^2' - Vi + ^7) ^6 + (^3' + vi - Vi) Wj. (18) 

We remark that away from p the expression of DV may have more 0-th order 
terms in general. 

3 Dirac Equation on Thin S-manifolds 

3.1 A Simplified Model 

To motivate our analytical estimates for later sections, let us first consider 
a simplified model. Suppose that A is a three manifold A^ = [0, e] x S and 
(xi, z) be the coordinates on A^. On A^ we put warp product metric ^A^.h = 
h (z) dxi + 5fs, where S is a Riemann surface with a background metric gs 
and h[z) > is a C°° function on S. Let ei be the unit tangent vector field 
on A^ normal to S, namely along the xi-direction and ei = h~^'^ (z) ■^. 
We introduce a first order linear differential operator T> that 

V = ei-Vi + d = ei-h-^l\z)^ + d, (19) 

OXl 



where Vi = Vej = h ^'"^ {z) g|-, and d = (d,d j is the Dirac operator on 

Dolbeault complex Vt^* (L) of Hermitian line bundle L over the Riemann 
surface S with a connection V (c.f. Proposition 3.67 of ^ or Proposition 
1.4.25 of [29], by taking the Kahler manifold to be S and the Hermitian line 
bundle to be L). Here d acts on the spinor bundle S = S^ ® S^ via the 
following identification 

0° (L) ® Jl°'^ (L) ^^' 0°'^ (L) ® J^o (L) 

i i (20) 



where on the left §"^ and S^ are identified to complex line bundles L and 
L (g) Aj,' (E) respectively, d : Q^ (L) — )• Q,^ (L) is the Dolbeault operator 
and d : Q,^ {L) — t- (7^ (L) is its formal adjoint operator. The Dolbeault 
operator d depends on the complex structures j on S, J on L, and the 
connection V of L. 
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When h (z) is a constant, from spinor bundle S = S^©S^ over S one can 
construct a spinor bundle over the odd dimensional manifold A^ := [0, e] x S 
by taking product with [0,e] (see [?])• For convenience we still denote this 
spinor bundle by S. [7] also constructs a Dirac operator on spinor bundle 
§ — )-A£ right from the Dirac operator d on spinor bundle S — )-S, and it is 
P =ei • Vi + 9 as in (|19p . For general h (z), our P is a Dirac type operator 
but not necessarily a geniue Dirac operator. 

Let's recall the Clifford miltiplication of TA^ on S. It enough to define 
the Clifford multiplication • of ei on S. Let a be the volume element of 
Clifford bundle CI (S), cr^ = 1. Then S+ and S~ are the ±1 eigenbundles of 
a and § = §"''©§". Since the Clifford multiplication • of ei on § satisfies 
el = —1, the natural choice of the action ei- on S is to let S^' and S~ be the 
±i eigenbundles, namely for {u,v) G S+ © S^, ei • {u,v) = {iu,—iv). The 
connection of § along xi direction is trivial. 

Given zq E S, in its neighborhood in S we can choose complex coordinate 
z = X2 + ix3 G C with ^^, ■^- orthonormal at zq. We locally trivialize the 

spinor bundle § = S+ © §~ — ;> S as 



C + Cj = C^ 



^c. 



We may choose the trivialization such the Dirac operator 



d,F 



ZO 



(9., -9.). 



We may write the section V ol S ^ A^ as V = {u,v) := u + vj SS^ 
with 

n = T/4 + iy5 g §+ ^ C, 

v = V^ + iV^ eS-^ ^ C, and vj GS+j =§". 

With these understood, we may write ()19p as 



VV 



i 
-i 



d 



at ZQ 



i 
-i 



'-"'-('> 0^^ 



^-"^<^'^- 



o_ -id 

id 
id, 

id, 

= ((Vin + id,v) + {Viv + id^u) • j) • i 
= (iViu - d^v) + {-iViv+dzu) • j, 

where at zq we have the identification 

d = d,=V2 + iVa, - 5* = 9, = Vs - iV 



u 

V 



(21) 



u 

V 



(22) 



21 



with Vj = V e for i = 2, 3 and Vi = /i ^/^ (z) j^. We will also denote 

—id = d~^ and id = d~ 

respectively. They satisfy d^ = (d^) . 

This implies that the equation DV = is equivalent to the following 
equations, an analog of Cauchy-Riemann equation, 

ox I 

d+v + h-y^iz)^=0. (23) 

ox I 

We put the boundary condition 

v\dA, = 0. (24) 

(The more precise formulation will be given in next section (|25p ). It is similar 
to the totally real boundary condition for J-holomorphic maps. When h (z) 
is a constant, it is a special case of the theory of boundary value problem for 
Dirac operators developed in [7]. For general h (z), that the boundary value 
problem is Fredholm follows from our elliptic estimates in Section 13. 3[ Also 
see [16] for relevant discussion. 



Later in Section [H we will apply the above 2? to the case when h{z) = 
\n{z)\ , where n{z) = ^Ci|^^„ is the normal vector field on Co coming 
from the deformation of coassociative submanifolds Ct, and the Hermitian 
line bundle L is the normal bundle Ny,q/Co °^ ^^^ J„-holomorphic curve Sq 
in coassociative manifold Co, whose connection V is the normal connection 
from the induced metric of Sq C Co. 

3.2 First Eigenvalue Estimates 

In this subsection we will establish a quantitative estimate of the eigenvalue 
of the linearized operator for the simplified model A^ = [0, e] x S with warp 
product metric ^A^.h. = h{z)dx'\ + (72 1 where S is a compact Riemann 
surface, and h {z) is a smooth function on S with -j^ < h < K for some 
constant K > Q. The volume form of this metric on A^ is 

dvoln^ = /i2 (z) dvolj]dxi. 

We introduce the following function spaces for spinors V = (u, v) over 



A.. 
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Definition 11 Let S be the spinor bundle over (Ag, (74^) and V be a smooth 
section o/S, 



1. We define the norm 



i/p 



\V\ 



L™.P(A£,§) 



1 Q+/3<m 



JS 



P , 1 



(V^i)"(Vs)'^y h-2 {z) dvol^dxi. 



and 



w 






where V xx '^^^ ^s ^'"s ^^^ covariant differentiation along xi-direction 
and Ti-directions (i.e. two tangent directions on T,) respectively with 
respect to the metric g^^. And the U'-norm is with respect to g^^ too. 
By standard Sobolev embedding theorem, we have an e independent 
constant C such that for any smooth section V, 



\V\ 



LP (Ae.S) 



<C||F| 



L'".'?(A£,S) 



,s) ' forp< 



3q 



I^IIc™(Ae,s) - ^ ll^llL'>p(Ae,s) ' forp> 



3 — mq 
3 



/ — m 



as long as e is bounded below and above by some universal constant. 
For the later purpose let us fix e ^ [1/2, 3/2] . 

2. We define the function spaces 



L™'P (A, 



V = {u,v)£T{ke,S)\\\V\ 



L™'P(Ae,§) 



< +00 



and L™'^(A£,S) /resp. L™'^ (A^jS) ) be the closure (with respect to the 
) of the subspace of smooth sections V = (u, v) £ 



norm 



\L"^'P(ks) 



r(Ae,S) such that v G C^ {A,\dAs) (resp. u G C^{k^\dk^)), where 
C^ {Ai;\dki;) denotes the space of smooth functions with compact sup- 
port inside Ai;\dAi;. Let us also introduce the space 

C™ (A„§) := [V = {u,v) G r(A„S) | ||y||c^(,^,s) < +00} , 
C™(A„S) := [V = iu,v) £T{Ae,S) \ ||l^lb-(A.,S) < +^,^\di.. = o} • 
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Let P be the operator (J19p in our linear model. We will impose boundary 
condition for sections V that T> acts on. It is known (c.f. [7] Theorem 21.5) 
that the Dirac operators 



1,2 



V± := P|^i.2 : L^" (A„S) ^ L' (A„S) 



(25) 



give well-posed local elliptic boundary problems and their formal adjoint op- 
erators are Pj_ = D^. This boundary condition restricted on smooth sections 



-1,2 



V = {u,v) in Lj (Ae,S) means 

v\gj^^ = 0, i.e. t; (0, T.) = v (e, S) = 0. 



(26) 



The following theorem compares the first eigenvalue for Dirac operator 
d on the Riemann surface S with the T> on product three manifold A^. In 
the following discussion, for any two sections V,U in L^ (A£,S), we let the 
inner product {•,-)i2u §) be 



iU,V)j^2ns):= / / {U,V){xi,z)h^ {z)dvolj:dxi. 

^ ' J[0,6] Js 

where in the integral the (•, •) is the inner product in fibers of the spinor 
bundle S. We let 

\V{xi,z)\'':={V{xi,z),V{x,,z)) 

Theorem 12 Suppose Xg+fresp. Xq-) is the first eigenvalue of Laplacian 
As = d^d^ (resp. As = d^d^) acting on the space L"'^'^(S,S+) (resp. 
Li'2(S,S-); and let 



Xt> '■- 



inf 



\VV\ 



L^{Ae,S) 



(resp. 



inf 



\VV\ 



L2(Ae,S) 



(Notice the boundary condition l\25\i , l\26^ for V ). Then 



)■ 



Ap>minl|A,.,^ 



K 



h-2 



CMS) 



(resp. min-JAa-,-^ 



K 



h-2 



Ci(S) 



where K > is some constant that -j^ < h (z) < K for all z £ T,. 
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Proof. In the following we will assume the volume form dvoli^^ = dvolY.dxi 
to simplify calculation. General cases can be reduced to this case by observ- 
ing 



WV 



\V\ 



.li^(A.,s) ^ !,JDV? K-^'''dvohdx^ _ 1 J,JDV\^ dvol^dx^ 

L2(Ae,§) 



/j^ ]¥]■" K^/'^dvohdxi K J^ \V\Uvohdxi 



from the condition -^ <h{z) < K. 

For any V = {u, v) G Lj (A^) , we have 



{T^y^T^V)mA,,s) = l (h-'iz) 



dV 



dxi 



+ 2(/.-i(.)|K, 



9+ 
d- 



y 



+ |9^w| + |3 ii| ) dvolf^ 



Using the formula d = {d'^) , we have 

V ) dvolp, 



A, \ OXl 



a+ 

d- 



/ ((^ ^ T^ — ,d'^v) + (h 2— — jO u) ] dvoli^J'.' S = S^(B§> orthogonal decomposition) 
J A, \\ dxi / \ dxi I ) 



d [ h 2-— I ,v 

OXi 



^"'"'^"(£ 



dvoL 



+ 



' (h 2y^d u) dvoli 

{e}xS ^ / 



T, — I \h 2v,d u) dvolj] 

{0}xS 



dvoh 



(since v vanishes on dkf. 



dih 2 j . — — ^v \ dvolk^ ( ■.' the above 2nd and 3rd terms cancel) 

(28) 
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Therefore 






d+ 
d- 



V ) dvoh 



< 2 



< 



1 



d ( /l~2 I . ,i; ) dvolti^ 



du 
2(—,v)dvok^ 






/l-2 



Ci(S) 



f I dvoL 



(29) 



In order to estimate J^ /i~^ (z) |I4j | dvolf^^ , we notice that, for any fixed 
point p G S, flrceixjp} can be treated as a C-valued function over the interval 
[0,e] with boundary value v (0, z) = 0. Hence 



v\ dxi = / 
Jo 


Jo 9xi 


(t) 


dt 


2 

dxi 




Jo \Jo J \Jo 


dv , , 


< / xidxi 
Jo Jo 


dv , , 
3x. (^) 


2 

dt 


^4 


Jo 


^) 


d 


V 


it) 


2 

dt, 



(it dxi 



(30) 



where the last inequality is by -^ < h{z) < i^ for all z G S. Putting 
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29D , dSOD in {VV,VV)L2(t,^^^y we have 

/ (h-^ {z) |n^,p + |a+u|^ + h-^ (z) |w^.,p + \d~v\ 



> 



h-2 (z) 



dV 
dxi 






d+ " 


,A 


d 


u J 


/ 



dvoL 



> 



^ ((h-'{z)-^]\n.,f + \d^u\^ + h-' 



Z) \Vxi\ 



-K 



h-2 



CMS) 



duo/ A, (by dla 

( ' 



>0 + Xd+ / \u\ dvoln^ , I ^^ „ 
(by definition of Xq+ and (f30l) ) 



K 



/l-2 



Ci(S) 



If I (ifo/a 



> min < Xg+ 



min < Aa+ 



i^e2 



Ke^ 



K 



K 



h 2 



h 2 



Ci(S) 
2 

Ci(S) 



m| + \v\ ) dvoli. 



\V\ 



L2(As:,§) • 



For general volume form dvolp,^ = /12 (z) dvolY,dxi, by (f27j) there is an extra 
factor -^ for the lower bound of the L^ eigenvalue Xx>- Hence the result. ■ 



-1,2 



Suppose V = {u, v) G C°° (Ae, ^)rMT (A^, S) and W = (/, g) e C^ (A^, S)n 
L^ (Ae, S) and D is the operator ( I19p . Then with respect to the induced vol- 
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ume form dvol^^ = h^'"^ {z) dUdxi on {k.e-,gks,h) we have 
{VV, W) dvok. 



Jt. '- 



JS 



h^/^d^dxi 
dTidxi 



+ i i{uj)\l-{v,g)\l)di: 
Jt, 

'' / [(''' "^"^ " ^'^^^^a) + (^, 5.1 + h'^^d~f)] dmx^ + i y {{u, f) \l - {v, g) \l) dS 
y y (n, i (/I'^/Vxi + 5+5) ) - (^> i (/i^'/^i + 5-/) ) (h^/^d-^dxi 



+ i i{uj)\l-{v,g)\l)di: 
Jt, 



f {V,VW)dvoh^+i I {{u,f)\l-{v,g)\l)d^ 

Jk^ JT. 



(31) 



since h is independent of xi. This is the Green's formula. 

When V G Lj (A^jS) and W G L^ (Ae,S) , the above boundary terms 
are zero so we have 

{VV, W) dvoh^ = [ {V, VW) dvoh, . 

Ae J ke 

This imphes that P is a self adjoint operator from L^ (A^, §) to L-^ (A^, S) 
in the sense of [7]. Since L_^ (Ae,S) is dense in L^ (A£,§) , this imphes that 



1,2 



V : Lj (AjjS) — )• L (Ae,S) is surjective if and only if kerP 



l^^(Ae,s) — C 



-1,2 



Lj^" (Ae, S). By Theorem 1 12| we have 



kerP|^i,2(^^ s) = ^ ker(9+a" = 4^ ker(9" = 0, 

where the last "<^" is because {d~) = d~^ . Hence we have obtained the 
following result. 

Theorem 13 Let Xg- and Xg+ be the first eigenvalue for d^d~ and d~d~^ 
respectively. Then for V : Lj (A^, S) — ;■ L^ (A^, §), we have 

kerO^ = {0} <^ Xq+ > ^ V injective, 
kerS^ = {0} <^ Xg- > ^ V surjective. 

Especially if both Xg- , Xg+ > 0, then D is one-to-one and onto. 
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3.3 Schauder Estimates for Linear Model 

In this section we will develop the necessary linear theory for the equation 

VV = W OTike = T.x [0, e] 

with a warped product metric ^a^./i := h (z) dx\+gT,^ where V is the operator 
(|19p in our linear model. The key issue is to estimate the operator norm 
of the inverse operator of V with explicit dependence of e, as e goes to 
zero. When e is away from zero, say £ E [1/2,3/2], we have e-free Schauder 
estimates. For e small, we overcome the difficulty coming from e by choosing 
an appropriate integer k so that ke G [1/2, 3/2] and we extend any solution 
V = {u, v) on Ag to Afcj in LP sense by suitable reflection. However much care 
will be needed to obtain the C"-estimate, because after the reflection of W 
across the boundary of A^, it will no longer be continuous in general. This 
problem will be resolved in the case (ii) part of the proof of the following 
theorem. 

Establishing estimates in Schauder setting rather than L^ setting is cru- 
cial for implicit function theorem related to the associative 3-form r, because 
in the point estimate of F' (V) — F' (0) in Section [4.21 there are cubic terms 
of V causing difficulty for quadratic estimate in L^ setting (see Remark [20|) . 
The Schauder estimates are harder to obtain than usual Cauchy-Riemann 
type equations, partly because in our equation (i23|l . the derivative of v only 
controls the dxi and dz derivatives of n, not the full derivatives. 

We recall the definition of Holder norms for functions / on a domain il. 
inR'^: 

r.i \fix)-fiy)\ ,„„^ 

[f\a;n ■= sup r- — -ja , (32) 

x,yGn 1-^ ~ y\ 

[f]c^>^(VL) = Il/llc0(n) + [/]a;C ' 
[/]cl-(f^) = ll/llcVf^) + [W].;C- 

Using trivilization of the bundle S over A^, the Holder norms for sections V 
of the bundle § are defined by patching the (finitely many) C^ '"^-coordinate 
charts on A^. 

Theorem 14 Let V : L^:^ (Ae,S) -^ L^ (Ae,S) be the operator ^ defined 
on A^ = S X [0, e] with warp product -metric gi^^^h '■= h {z) dx\ + g^.- Suppose 
that the first eigenvalues for d^d^ and d'^d^ are hounded below by X > 
0. Then for any < a < 1 and p > 3 there is a positive constant C = 
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C {a,p, n, A, h) independent of e such that for any V £ C_'" (A^, S) and W £ 



(ja 


(Ae,S 


•) satisfying 










vv 


= W 










we 


have 


c\\ 


\y\ 


\c'j 




,S) 


<e~ 


-(l+^°) 


\\w\ 


\c° 


'(A. 


,§)■ 



In other words, there exists a right inverse 

Q, :C"(A„§)^Ci'"(A„S) 

ofV : C7i'"(Ae,S) -^ C"(As,S) such that \\Q,\\ < Ce~(t+^" 

Proof. For the operator (|23p . it is known (c.f. [7] Theorem 21.5) that the 
Dirac operators 

V± := P|^i,2 : L^^ (A^, S) -^ L^ (A^, S) 

give well-posed local elliptic boundary problems. Using the orthogonal de- 
compostion S = S^©S^ we write sections V = {u,v) G C^ {As,§) and 
W = {'Wi,'W2) G C°°(A£,S), where u,wi are sections of S+ and v,W2 are 
sections of S~. So the equation W = W may be explicitly written as (c.f. 
equation ([23]) ) 

To make the exposition more transparent we will assume that h = 1, and it 
is clear from the proof below that the argument works equally well for any 
h (z) G C°° (S) that j^ < h{z) < K for some constant K > Q. For any 
< e < 3/2 we take an integer A: > such that 

feeG [1/2,3/2], 

so Afcg = S X [0, ke] is a product region whose second component has length 
uniformly hounded below and above for any e. We divide the estimates into 
two cases: 

Case (i): Suppose that wi = 0, then we will have along the boundary 
9Ae, Ux-^ = since v = 0. Since f I^a^ = 0, we can extend v from Ag to A^e by 
odd reflection along the walls S x {je} with < j < k — 1, while still keep 
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V in C^'" (Afce). Similarly we consider an even extension of u to A^e, then u 
is still in C^'" (^fcc) since u^^I^a^ = 0. The extension formula is 

( ^ = / "^ ((2-^' + 2) e - a;, ^) for X G [(2j + 1) e, {2j + 2) e] 
■^ ^^' ^^ \ w (x - 2je, z) for x G [2je, (2j + 1) e] 

„ r. .^ = / ^ ((^-^^ + 2) e - X, ^) for X G [(2j + 1) e, {2j + 2) e] 
^' > \ u{x-2je,z) forxG [2je,(2j + l)e] 

This will induce an even extension of 'W2 so that the equation T^V = T^ is 
satisfied in the C" sense on A/j^. The motivation of even and odd extension 
is to have a e-independent U* and Schauder estimate. 

By differentiating both sides of the equation Vx-^ +d~u = W2 with respect 
to xi, we obtain an equation which is equivalent to the Dirichlet problem of 
the second order elliptic equation 



d d^v = — — and v\»p,, = 0, 
9x1 

d^d^u = —d~^W2, 



noting that d~d~^ is a positive operator. (Since u,v are only in C^'", they 
should be understood as weak solutions of the above equations) . Since the 
(7". norm is preserved under the above extension, Schauder and L^ interior 
estimate for the second order elliptic equation on the region 

Afce C A2ke U Pi—2ke 

would then imply that there are constants C (a) and C (p) independent of e 
(because ke G [1/2,3/2]) such that 

ll^2|lc-(A„§-) + ll^llcO(Ae,S) = ll^2|lc«(A2teUA_2fe,,§-) + ll^llcO(A2fe,UA_2fe„S) 

> C(a)||y||c.l,«(A^^_s) 

= <^(a)ll^llci'"(A„§)' 
and 

ll^2|lLP(A2fe,UA_2fe,,§-) + ll^llLP{A2feUA_2fc.,S) - ^^ ^P^ W^ W L'-_:P ik„„n) 

(c.f. [12j section 8.11 Theorem 8.32 and [28j Theorem B.3.2 respectively), 
so 

lk2|lLP(A,,§-) + II^IIlp(A„S) ^ C{p) ||^|lil_,P(A^^§) 

by periodicity of refiection. 
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Case (a): suppose that W2 = Q and wi G C" (Ae,S+) . Since v = 0, this 
imphes that if we consider the odd extension of v and the even extension of 
u to A2fceU A_2A:e as in the previous case, then they induce an odd extension 
of wi so that the equation 

is satisfied in the weak sense on ^2ke^ ^-2k£- Notice that tui does not vanish 
on 9Ae in general, so after the odd extension, wi is no longer continuous 
but still we have wi G L^ (A2fc£ U A_2A:£,S) for \/p. Since A^^ is a proper 
subdomain in A2fceUA_2fce and ke G [1/2,3/2] , the interior L^-estimate then 
implies that there is a constant C (p) independent of e such that 

ll^l|lLP(A2fcUA_2fe,§-) + ll^llLP(A2feUA_2fe,§) ^ ^C (p) \\V \\ ^Up ^^^^^ ^^^ . 

By the periodicity of tui and V, that is 

ll^illL^{Afe„§-) + ll'^llLP(Afe,,§) >C{p) \\V\\Ll:r'iA,^,s) ■ (34) 

Then we proceed to the L^ estimates of V purely in terms of P^. It follows 
from (|34p and Theorem 1121 that for e < 3/2 we have 

\\W\\m,,,s)>C{X)\\V\y^,^^^^ for yGC7-(A„S) 

with the constant C (A) dependent on Xq+ but independent of e. To go from 
L^ to L^, note the following interpolation inequality 

riw..,s) = (/ i^rj < iiv^iicW.s) • ( / 1^1 

<^'^^II^II^aS)+^^(/^ I^i)' (By Young's Inequality) 

p — 1 p 11 

= ~^^'"' ll"^llco(A,„s) + -^ II^IIli(a,„s) 

< C [6^ ll^llLi.P(Afe„§) + ^'^ II^IIl2(a^^,§)) (By Sobolev embedding), 

where C is independent of e in the last inequality because ke G [1/2,3/2]. 
Putting this in (|34p we have 

C (p) - C5^A ||F||^i„(,^^^g) < ||H^|Ilp(a,,,§) + CS-P \\y\\LHA,,,s) 



^ ll^llLP(Afc„S) + ^Tp^ ll^llL2{Afc„S) 



C6-P 
A) 
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So 

\\v\ 



-(A..,s) < {C(P) - CS^^y (l + §^) II^IIl.(a..,s) • (35) 



Fixing a small 6 such that C (p) — C6p-^ > and let the constant 

/ ~ p \ -1 / C6-P 

C{p,n,X):=(C{p)-C6—) 1 + 



C{X) 

which is independent of e. Then for p > 3,hy Sobolev embedding C_ (A^^ , §) 
Lj^ (Afc£,§) and ((35]) we have 

- ^ ll^llLi>^(A,„s) <C-C{p,n, A) ||1^ILp(a,,,s) 

< C(p,n,A)||VF||(^o(A^^,s) = C(p,n, A) ||Ty||c.o(A^,s)' (36) 

where the constant C {p,n,X) = C ■ C {p, n, A) (|wo/ (S)) *> is independent of 
e. 

In the following we give the Schauder estimate of V = {u,v). Differen- 
tiating the second equation in (|33l) with respect to xi, we get the Dirichlet 
problem of the second order elliptic equation for (weak solutions) v and u: 

Vxixi - d~d+v = -d~wi and v\qi,^ = 0, (37) 

Ux^xi - d~^d~u = dxiWi. 

For component v, since f|aAe = 0, the standard Schauder estimate for 
second order elliptic equation on radius e half balls B^ with centers on SA^ 
(c.f. [12] section 8.11 for regularity of weak solutions and section 4.4 equation 
(4.43)) gives 

^ll'"^l|lc"(B^,S+) + II^IIcO{Be,§) - C {a) ll^llci'"(B^/2,S) ' 

or equivalently 

£ II^i|Ic"»{Be,§+)' + ll'^llco (Be,S) 

lc«(B,/2,S) +'^II^'"IIC0(B,/2,S) -^e ■ lV''^Ja;(B,/2,S) 



>C{a) \\v\\c^ub_.^.s\+^\\^v\Uub-,..s\+^^^"["^'']c.-.(b....s\ ' (38) 



hence 



e|kl|lc"(Be,S+) + ll'^llcO(B„S) ^ C'(")^ " "'^"ci'"(S,/2,§) ' ^'^^^ 
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where the constant C (a) is independent of e. This is because in [12] chapter 
4, the non-dimensional Schauder norm 11/11(7*:, am\ is defined as 






D^u 






where d is the diameter of Vi. Covering A^ by such radius-e half balls and 
radius-e/2 full balls centered on meridian S x {e/2} and take supremum on 
A^, we have 

'^ll'^illc"(A„s+) + lbllcO{A„s) > C'C' (a) ^^^" lb II ci'"(A„s)- (41) 

By combining this with the fact that f |aAs=Oi ^'^^ ths definition of the 
Schauder norm, we have 

ll'^llcO{A„§) < ll^llci-^/p(A,,s)^^^^^^ < C(p,n,A) ||u'i||co(A^,s)e^~^. (42) 
Plug these into (J4T]) we obtain 

<^(a)ll^llci'-(A,§) ^^ "lki|lc-{A„§+) + <^(:P'"'^)ll«^illco{A„s)^ ^^ 

(43) 

For component n, its boundary value is nonzero so we can not directly 

apply the above inequalities as v. First we derive the C^ estimate of n, 

using that d~^d~ has trivial kernal on S. Consider the section u of the 

bundle S"*" — )■ S defined as 

u{z)= / u{xi,z)dxi. 
Jo 

From equation (|33p we have 

d-u{z) = - [ h-'^/^{z)d^,v{xi,z)dxi = h-^/^{z){v{0,z)-v{e,z)) = 0. 
Jo 

But from the assumption that d^d~ has trivial kernal on S we get that 

u{z) = 0. 

Let ReH and Imu be the real and imaginary parts of the section u (notice 
that S+ is a complex line bundle). Then for any fixed z G T,, 

/ Keu{xi^z) dxi = = / linu{xi^z) dxi. 
Jo ' Jo ' 
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By mean value theorem for the M- valued function Reu(xi^z), there exists 
s £ [0,e] depending on z, such Keu {s,z) = 0. By ([36|) and the definition of 
the Schauder norm we have 

1-- 

< C(p,n,A) ||u'i||c.o(A^_^§)e ^ 
Similarly 

Combining these we get 



\u\ 



c[ 



'0(A„§+) <C'(P'^'^)ll'^illcO(A.,§)e "■ (44) 



Now we are ready to derive the Schauder estimate of u. Using the equa- 
tion 

v^,+d-u = ^^th ^;|aA. = 0, 

the Schauder estimate of Ux-^ and d~u can be reduced to that of v. For the 
full covariant derivative V^n on S, we observe that 

where [•]q.(a^ §) and [T^.n §) ^s defined in (i32]l are the Schauder a-components 
for the S and [0,e] directions respectively. For [VsuJ^.^j^^ g^ on each slice 
Ss := E X {s}, we use the elliptic estimate on compact closed surface S^ to 
control Vy.u by d~u^ 



and then take the sup for < s < e to get 

= C (^|^a;ilc"(A^,§) + l'"lcO(A^,S)j ' (45) 

Since the estimate for Vx^ is known, the only term left to estimate is [VEn]^\^ g-,. 
For this we reduce u to the zero boundary value case by introducing 

u = u - p \^—^ u{e, z) - [l- p (^— j j u (0, z) , 
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where p : [0, 1] — )■ [0, 1] , p (0) = 0, p (1) = 1 is a smooth cut-off function that 
||/o|lc2,arQ 1] < C . Then u satisfies 

Ux^xi- d^d^u = dx^w{ + g and n|aA^ = 0, 
where 

w'i=wi+ p i—j [{uxi {e, z) - Ux^ (0, z)) + {wi (0, z) - wi {e, z))] 

and 

a = —p" (— j [-" (0, z)-u (e, z)] 

1 f X^\ 

+ -p' [—) [(uxi (0, z) - Ux^ (e, z)) + {wi (e, z) - wi (0, z))] . 
In the above derivation of wi and g we have used the equation 

d+d-u = ux,x, - dx.wi 

from (|37p . By [12j section 4.4 equation (4.46) we have on radius-e haff baU 

Be, 

By the definition of the norm ||/||^fe,Qm\ in (|^0]) . this is equivalent to 

Therefore 

>C7(a)ei+"[Vs5]„^(5^/^,s)- (47) 

We are going to get rid of the tilde terms in the above inequlity by the 
following rule: The terms with tilde differ from the original terms by wi, 
u and their derivatives. If the derivative is with respect to xi or d~ , then 
we reduce it to the previous estimates of v using (f33|) ; If it is with respect 
to Ve, the full derivative on S, then we use elliptic estimate on each slice 
Riemann surface {t} xT,. Notice that all e powers are coupled with the order 
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of derivatives so all terms are dimensionless, and after the enlargements the 
estimate of u is of correct e power. The following is the precise calculation: 
From the definition oi g,wi and u we can easily check that 



F 9\\co 



r TXi 



\Mco 
|Vs«||co 



|Va;i^i||(^0 



[Vsu 



XI 



i;(_B 



< 3||wi||co(B^^§) + \Wxi\\cO(B,,E,) 

^ ^ ( K]^;{B,,§) + ^ ll^^illcO(i3„S) + ^ ll^lllcO(B„§) ) 

< C* (K]a;{iJ„S) + Ki]a;{B„S), 



< 2\\u\ 



< 2||Veu| 



CO{B^,S) ' 



< C ( l|Va::i'"||cO(B^,s) + - lkllcO(Be,S) 



< 



^([^^^]:(B.,.,s) + ^ll^^-llco(^.,„s))- (48) 



hence putting these back to (jl7|) and (06]), and noticing that from ([38]) we 
can control ||'U2^i||co(5^ §) and ||Vsti||(^o(B^ g) that appeared in the above 
inequalities by the following: 

£hxi\\co(B„s) < C (e\\d+v\\^,om„s)+ ^W'^^WcoiB^s)) (by &) 



<c 



<C \\v 



(ll^^llcO(A„§)+^ll^lllc"(A„S)) +e|klllcO(B„S) (by dSHD) 



(49) 



and 



e||VE'u||c.0(2,,§) < C'e||VE'u|lc-(s,,s) 



(by ellipticity on S^) 



= C'(^lkxillc":'(s„s)+e|l^llc"{s,,s)) (by dMD) 

< C7(^e-"||7;||^o(A„§)+e^""lkilb«(A„§)+^hllcO(s„§)) (by dMD), 

(50) 

then from dlSl) we get the estimate for fVsul^^„ ^x: 



a-a 



^lllc"{A^,§+)+^ ll'"llc1{As,§) 



-e \\v\ 



CO(A£,§) 



> CC (a) 6^+" [Ve-u]^'! 



;(B./2,s) 
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Combining ()l5|l about [Vsu]^ /^ g\ we have the full control of [Vj^u]^.^^ ^\ : 

e^""" lkillc-{A„§+)+e|l^llcO(A„§)+^"'' ll^llcO(A„s) > CC{a)e^+'^ [Vsw]a;(B,/2,i 
Combining (l49]l and (i50]l about ||Vn||(^o, we get 

e||^l|lc'^(Ae,§+)+^ "* ll^llcO(Ae,§) + ll'"llcO(A^,S) >CC{a)s " ll^llci'°^(B^/2,S) ■ 

(51) 
Covering A^ by radius-e half balls i?^ and radius-e/2 full balls centered on 
meridian S x {e/2} and then taking supremum on Ag, we derive 



l+a nil ilL.II ^ r^r^ f ^\ ^l+2o 



"U ^1 



ci'"(A,,§) 



e|killc-(A„s+)+^ "ll^llcO(Ae,s) + ll^llcO{A,,§) ^ CC{a)e 

(52) 
Notice here f is involved on the left side to control n, compared to similar 
inequality ()4ip about v which need no u. This is partly because in second 
order elliptic equations (f37|) of u and ?;, the inhomogeneous term dx^wi is 
"more discontinous" than —d~wi, for the (weak) derivative is taking in xi 
direction along which wi is discontinuous. 
Plugging these into (I4ip again we obtain 



C(«) lkllci'"(Ae,§) - ^ " ll^l|lc"»(Ae,§+) +^ " ll^llcO(Ae,S) +^ " ll'^llco(A^,§) 

— 2cK II II ^1 / \ \ II II ^( — +2a ) 

<e lki|lc«(A,,§+) + <^(P'^)^)l|w^illco(A„§)^ ^'' ^• 

(53) 

The C^'" estimates ([53]) and (|13]) also hold when A^ is equipped with a 
warp product metric g^^^h with /i (z) G C°° (S) such that -^ < h{z) < K, 
up to the constant factor i^ > on the right hand sides of ([53]) and ([i3|) . 
because they are derived by C" estimates (H2]) . (jMI, and local Schauder 
estimates ([39|) . (f5T|) for n, w on half balls B^ (p) and 5^/2 (p) ^^i p £ dk^ = 
{(0, z) , (e, z) \z £ S}, while when e — )• 0, the function /i (z) \bs{p) converges to 
constant function h (p) uniformly in C^ norm in Bgr (p), and correspondingly 
the second order equations of u, v converge to those with constant coefficients 
as above. This is similar to "frozen coefficient method" in Schauder theory 
of second order elliptic equations. 

Finally we estimate the right inverse bound of D in Schauder setting. 
Combining the C^'" estimates (I53p and (143p for u and v, we have 



C (a,p,n, A) ||y||^^,.(^^_g) <e Vp+^"J II^IIc-(a„§) 
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where C {a,p,n, X) = C (a) (1 + C (p, n, A))^ is independent on e. Hence 

the result. ■ 

From now on we fix p > 3 sufficiently large and < a < 1 sufficiently 

small such that 

3 1 

< - + 3a < - 

p 2 

This will be necessary for the implicit function theorem in the next section. 

4 Proof of the Main Theorem 



Let Co C M be a compact coassociative submanifold. Suppose that n is a 
normal vector field on Cq such that its corresponding self-dual two form, 

r]o = inVt £ A^ (Co) 

is harmonic with respect to the induced metric. So r]o is actually a symplec- 
tic form on the complement of the zero set Z (r/o) of r/o in Cq. Furthermore 

Jn (ti) := |np n X u (54) 

defines an almost complex structure J„ on the Cq\Z (r/o) • Since deformations 
of coassociative submanifolds are unobstructed, we may assume that there is 
an one parameter family of coassociative submanifolds (/? : [0, e] x Cq — > M 
which corresponds to integrating out the normal vector field n, that is 



'dt 



= ner{Co,Nc,/M) 
t=o 



For e small, let 

C: = [0,e]x Co, C := ^ (C) , and Q := if {{t} x Cq) . 

then C is diffeomorphic to C, and all coassociative submanifolds Cj's are 
mutually disjoint, where 93 (t, •) is an embedding for Vt G [0, e]. Let 

gc ■■= dt^ ®g\co 

be the product metric on C and exp*^ be the exponential map associated to 
the metric ga- 
in the remaining part of this article we assume that 770 is nowhere van- 
ishing on Cq, that is (Co,?/o) is a symplectic four manifold. We are going to 
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establish a correspondence between the regular J„-holomorphic curves S in 
Co and the existence of instantons with coassociative boundary conditions. 
Given such a S C Co, we denote 

Ae := [0, e] X S and A^ := v? (A^) 

then A^ is close to be associative in the sense that \t\i^i\ < Ke for some 
constant K depending on the geometry of the family {Ct} and Af for small 
e. This is due to the smooth dependence of r {cp {t, z)) on {t, z) G [0, e] x S, 
and that 

"^Uccs) = "^Is = 0, 

since S is a J„-holomorphic curve and the tangent spaces TM|s are asso- 
ciative. 

We want to perturb A'^ to become an honest associative submanifold in 
M. In order to apply the implicit function theorem to obtain the desired 
perturbation for A^, we need the estimates for the linearized problem to 
behave well as e approaches zero. Notice that for small e, the induced 
metric on A^ is close to be a warped product metric 

9k,,h ■= h (z) dxl + QY. 

on Ag, where h{z) = \n{z)\ is the length square of the normal vector n. 
Namely 

(1 - Ke) gi,^^h < V*9M < (1 + Ke) gt,^^h 

for some uniform constant K. This is because for any vectors u,v G Tu^z)^eo 

and t G [0,eo], the function G : [0,eo] x TA^^ x TAe^ -^ M, 

C (t, n, v) := gu {dipt (n) , dipt (v)) 
is smooth with respect to {t,u,v), bilinear in {u,v), and 

G (O, TAeo\{o}xT.,TAeo\{o}xl]) 

= gu {dipt\t=o (r^eokojxs) ,dipt\t=o (TyleJiojxs)) 

= 9keoA- 

For the warp product metric on Ag and the corresponding operator D, 
the estimates for its inverse have been established in Theorem [14] in previous 
section. So the linearization of the instanton equation on A^ can be compared 
with D. 
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4.1 Linearization of Instanton Equation and Comparison with 

V 

To prove the main theorem (Theorem I22p . we will construct a map 

such that the solution to the instanton equation F^ (y) = will give rise to 
an associative submanifold (instanton) with boundary lying on CqUC^. Here 
^J^/M ^® ^^^ normal bundle of A^ in M in differential topology sense but not 
in Riemannian geometry sense, -^a^/m- •= dexp • §, where exp : § — )-M will 
be defined below. The C"^'° fiV*f^.,) and C"'" (nI^,,,) are defined by 



A'JMl '^''^ ^- V'A'JM 



c'-{K:/M)--={y^^{K^ 



top 

A'JAI 



c'-iNT/M)--=\^^'^{K:/M 






We construct a three dimensional submanifold A^ C M by flowing S 
along with Ct and an identification dexp between the normal bundle Nj^.j^^ 
and the spinor bundle S — ^-Ag, this makes the linear theory developed in the 
previous subsection applicable. For this we need to define the exponential- 
like map exp : § — t-M carefully so that expV always satisfies the coassociative 
boundary condition for any section V £ (7™'" (a^jS). To do that, we need 
to deal with those normal directions to A^ inside C =ip ([0, e] x Co) and per- 
pendicular to C separately. Then we compare the linearization DF^ (0) with 
the operator V in Section 13.11 by the following diagram to get e-dependent 
bound of its right inverse: 

c!?'"(A„s) A c!"-''°(Ae,s) 

dexp 4, I dexp 

^m.,a f j^rtop \ DFM) ^m-l.a ( njtop \ 

Now we are ready to describe our construction of exp: 

1. We identify Ny,/(j and N(^/m to bundles S over S and form spinor 
bundle S = S^ © S^. We denote the isomorphisms by 

/+ : N^/c ^ S+, 

r ■■ Nc/Mk ^ Nj,/c A°'^ (S) = S-, 



41 



where the Ny,/c ^'^d A'^/a/Ie are Hermitian hne bundles over S whose 
complex structures on fibers are both J„ := -prX, and the complex 

line bundle isomorphism A'c/a/Is — -^e/c ® ^c {^) was established in 
Lemma 3.2 of |T6] in the form 



Hx - vx ®c TOY ~ ulf 0c Kqy 
JT^ 3 ax y i — > a®yevx®c TdY 

for 7^ a G z^x and y S TdY. The translation between their and our 
notations is the following: 

dY, X,ux,fJ'X < — > ^,C,Nj^/c, Nc/M I s , 

where the complex structure on fibers of ux and ^x is ux for a unit 
normal vector field u on X, corresponding to our J„ = -prX, L is 
the conjugate complex bundle of L, and Kqy is the canonical line 
bundle of dY . We will still keep the notation A'c/mIs rather than 
use -A'c/mIs, but emphasize that f~ is complex conjugate linear and 
-^c/mIs — ^£ i^'E/c) as real vector bundles. The twisted Dirac op- 
erator on Ny,/c ffi ^c/M I s — ^ S from G2 Clifford multiplication x is a 
real operator and is not affected. 

Our assumption that S is regular implies that 

dim^i (S,iV£/c) = d\Tc,Hf (iVs/c) = 

by Dolbeault isomorphism. Since the dimension for the Seiberg-Witten 
moduli is 0, (also our counting problem is for instanton moduli space 
of index 0, while the index is twice the Predholm index of the J- 
holomorphic curve S in C in our case, by the index formula for in- 
stantons with 2 boundary components in |16j). so 

dimi/° (S,A^s/c) = dim/7^ (S,iVs/c) = 0. 
Hence for 

in Section 13.11 ker d and ker d are trivial. Moreover by Theorem \T3\ 
the linear operator 

is one-to-one and onto. 
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2. We define the spinor bundle S on A^ as a Cartesian product of the 
above one with [0,e]. More precisely, § is the pullback of the bundle 
V*^A' /]\i\{o}xT, on S by the projection map A^ — > S. Thus we obtain 
a Cartesian product 

i i , (55) 

Using the metric qm on M we have an orthogonal decomposition 

-^A'/M = -^A'/c ® ^c/Mi which gives the orthogonal decomposition 

(/+, /-) : S = S+ © S- :^ TT* ((/P*iVA^/c|{o}xE) e vr* (<^*iVcA/l{o}xE) , 

where /"'' and /~ are bundle isomorphisms of the corresponding sum- 
mands in step 1. The spinor bundle S — )-Ae coincides with the one in 
Section 13.11 because <p ({0} x S) C M consists of associative points, 
namely t|^({o}xE) ^ 0. 

3. We define the topological normal bundle -^a°/a/ by the following bundle 
map / from S: 

§ = §+©§- '=^^~^ KT/c®K7m = KT/m 

A, ^ 4 

Fixing a < t < e, for n G S^litjxScAeand v G §~|{t}xScAe) since each 
bundle §^ — ;• A^ is a Cartesian product by (f55|) . we may treat f^u 
as a section of A''y/cl{o}xS — -^Ae/cI{o}xS ^iid f~-vasa. section of 
-^C/Afl{0}xs- Then 

/+ iu) ■.= dip- f^u E A^A°/cU{{t}xS) 

/- (v) := T^ ■ f-y G iVc/Ml^(Wx^) ^^^^ 

are obtained by the tangent map dip : TO, — )• TC (NOT d^pt : TS — t- TC) 
and the parallel transport T^ along the path j := ip {[0,t] x {z}) c A^ 
by Levi-Civita connection in M respectively. Especially restricting on 
{t} X S we have 

/+ (n) := (i(^|{f}xs • f^u E rCf|^({t}xs) C ^^l°/c I ¥={{*} xS)- 

The reason for this construction is to make sure that (/+ , /^ ) : § — )■ 
-^A°/M preserves the boundary condition, namely expV\gk^ C CqLI C^ 
for any section V £ C^'°^ (A^ , S) . 
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4. We introduce the exponential-like map exp : S -^M as following: for 

S$ : S = S+ © §- — > M 

Vix) = iu{x),v{x)) exp^^^^(,) (t,„(.)/- (vix))) ^^^^ 

where exp is the exponential map with respect to the metric g on 
M, and 

is the parallel transport with respect to the metric g on M along the 
curve 'yu{x) that 

Mx) (s) ■■= f (exp^ s/+ (n (x))) , 

for X = {t,z) G Ag and < s < 1. Since in step 2 the /+ have been 
extended to Cartesian product, 

/+ (n(0,z)) G iVs/Co (as in step 1) =^ /+ (n(t,z)) G iV{i}xs/{t}xCo- 

Therefore 

7u{x){s) Cip{{t} X Co) = Ct. 

It follows from our construction that for any V £ (7™ (Ag, S) and x G 
5Ae = {0, e} X S, expl/ satisfies the boundary condition expyjgA^ C 
Co U Ce, because 

(Sqjy) (x) = exp:^^^^(^o ,„ (0) = 7„(,) ({0, 1}) C if ({0,4 x Cq) = CoUC, 

By the definition of exp, it is easy to see 

expJA^ = (/?, and dScpl^, = {l^,I^) . 

5. We have the splitting of TM |a/^ = TA^ + -^^VM ^^ pushing forward 
the canonical horizontal and vertical splitting at the zero section Ag in 
§ by dexplA^. Namely for g G A^, we have 



dcx 



II _ if (58) 

where the above "+" is subspace direct sum in T^(^q^M, not necessarily 
an orthogonal decomposition with respect to the metric g. 
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In summary, the topological normal bundle Nj^^^ is the image of the 
bundle S under the map /, which maps the base by diffeomorphism ip, fibers 
S"*" by dip, and fibers S~ by parallel transport along 7 = (/? ([0, t] x z) by Levi- 
Civita connection in M, after the identification of S with -/Va'/a/ L({o}xS) on 
S. The fibers of Nj^,j^ in general is not orthogonal to A^, so Nj^.j^ is only 
a normal bundle in differential topology sense. The deformations of A^ in M 
(or in NS^,j.j) with coassociative boundary condition is translated to sections 

V = {u, v) of the spinor bundle S = §'^©S~— )-Ae with boundary condition 
v\dki; = by the map dScp. So we can use the linear model in Section [3T] to 
study deformations of almost instantons A^ in M. 

Next we define the nonlinear map F^ with the important property that 
elements in Ff^ (0) with small norm correspond to associative submanifolds 
in M near A'^ for small £. For section V = (u, v) of § that \f~ {v)\ is smaller 
than the injective radius 60 of M, let 

A, {V) := (SJpF) (A,) , 

then Ag (V) is a submanifold of M nearby A^. Let 

F, : C7-- (a;, iV-^,,) -. C--1- (a;, iV;-^) ^^g^ 

Fe (V) = *A^ o ±A, o {Tv o (exp V)* r) 
where 

_La/^ : TM|a^ -^ K"%i projection by splitting §8^ of TM 



Q, (Ag) —7- Q (aQ contraction by volume form dvol^i 



and 



F{V) = ryo(expy)*r 
is defined as (jG]) in the proof of McLean's Theorem (Theorem [9|) . Let 



Pe := *A^ o ^A^ : r {TM\,,J ® U^ (aQ ^ F (iV*^ 



/M 



then 



F, (V) = PeoF{V). 

Both _La' and *a' are linear operators between finite dimensional spaces, so 
1 1 -Pel I ^ C, where the constant C only depends on ip and is uniform for all 
< e < Eq. We notice that Pe does not involve V so the essential part of 
Fe {V) is F (V). By Proposition [8l if A^ is sufficiently close to be associative, 
then there exists 6 > 0, such that for ||^||ci,a(^^ §) < S, 

Fe{V) = <^F{V) = 0'^ ke (V) associative. 
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Proposition 15 For any section V\ of S and section V2 := dexp • V\ of 
-^A°/M' ^^ have 

||F'(O)y2-(dSpopyi)0dfo/A^||^„(^,) <Cei-"||Vi||c,i,«(^^,s), (60) 



and 

\\F^ (0) V2 - (dSp) o PVi||^„^^,^^^„,^^^^ < Ce'-^ ri|lci>"(A„s) , (61) 

where T> is the operator on S in linear model, and the constant C is uniform 
for all £. 

Proof. The idea to compare F' (0) V2 and T>Vi using a good local frame 
{^a}a=i 2 ••■7 ^^^^ associative points. For each 

p:=(^(0,z)GSo:=(/^({0}xS)c4, 

TpM is associative. We introduce compact neighborhoods Ug (p) that 

Ue{p):=ip{[0,e] xBeiz)), 



where B^ (p) is the closed e-disc on S centered at p. Then Ue (p) covers A'^ 
when p runs through Sq. Both F' (0) V2 and T>Vi are globally defined on A'^ 
and ^e respectively. We are going to compare them in local coordinates of 

Ue {p). 

For each p G Sq, the tangent space TpSo C TpM is associative. By 
Caylay-Dickson construction, we may choose orthonormal frame {Wq,}^^^ 2 ...7 
for TpM satisfying standard •, x relation as the basis of ImO, such that 

rSo = span{Vr2,H^3}, 
TA^Is,, = spanjP^i, W2,W^3} ^ ImM, where Wi := W2 x W3, 
NA'JAiko = span{W4, W5, Wq, Wj} ~ M, Wi+4 ■= Wi x W4 for 1 < i < 3, 
^So/Co = span {W4, W5} , and iVc/M|so = span {Wq, Wj} 

^wW, ip) = vJ^^°/^H^fc (p) = V^f ^'^'Wfc+2 (p) = for 2 < i,i < 3, 4 < fc < 5, 

(62) 

where V^'',V ^o/co and V c/mIeq ^pg projections of Levi-Civita connec- 
tion V on M to TSq, iV^p/Co and A'c/mIso respectively with respect to the 
orthogonal decomposition 

TMlso = TSo © iVs„/c ® ^^c/M|so e spanjH^i} \^^. 
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(One may first require ^w-Wj (p) = ^w-° M^4 (p) = for 2 < i,j < 3, 



and then use cross product to show all other covariant derivatives in (j62p 
vanishe at p). Notice that 2 < i, j < 3 in the last identity, since good frame is 
constructed along Eq C A'^ so far. For S+ = N^^/C: §" = ^°'^ (^So/Co) - 
-^C/M I So '^6 let V^ and V^ be the induced connections from M, then from 
the last row of (1621) we obtain that 



"^wWj (p) = V%Wk (p) = V^^H^fc+2 (p) = for 2 < i, j < 3, 4 < A: < 5. 

(63) 
Choosing a local complex coordinate z = X2+ix^ near p G So,we can arrange 

Now we define a frame field on A'^ by 

Wa (V3 (i, z)) := dip ■ Wa (^ (0, z)) for a = 1, 2, 3, 4, 5 
Wa (^ (t, 2)) := T^ ■ Wa iv (0, z)) for q = 6, 7, 

where T^ is the parallel transport along the path 7 := (^([0, t] x {z}) by 
Levi-Civita connection in M. 

Note that at a generic point q := if {t, z) € A' the frame \ Wa \ 

y. ) a=l,2,--7 

maybe non-orthonormal, and may fail the standard •, x relation, since dip 
is not necessarily an isometry. But from the definition of / in (I56p . the 
{Wa}a=4,5,6j ^^ ^till in iV^°/A^. By identifying Nj^^/Cq = S^ and iVc/Af |so = 
S~ we can regard {Wa (</? (0, z))}^^^ ^ ...7 as frame fields on S — s-A^ since § 
is the pullback of the bundle V3*A'^4//a/|{o}xSo o'^ ^0 by the projection map 
Af. -^ Sq. Then by our definition of exp in (1571) . the above \ Wa \ 

y J a=l,2,--7 

can be written as 

Wa (93 (i, z)) := dSp • Wa (93 (0, z)) for Q = 1, 2, • • • ,7. (64) 

We further extend the frame < Wa f to small tubular neighborhood 

I J Q=l,2,---7 
of f/g (p) C M by parallel transport along the fiber directions of ^a/'/j#- 

Consider another "reference frame" {1^q}„^^ 2 ■■■7 "-"^ ^^ (^) such that 

< = Wa on So, 



<(93(t,z)) = r^-t^<,((^(0,z)) 

for a = 1,2, • • • 7. Then we extend {W^a}^^^ 2 ■■■7 ^° tubular neighborhood 
of Us (p) C M by parallel transport in fiber directions of N^fij^j. 
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The |VF™| in -7 is better than < Wn \ in that it is an orthonor- 

mal frame with standard ■, x relation at all points q in Ug {p), for it is ob- 
tained by parallel transport and 

Vvi/oM'(p) = Ofor l<i,i<7. 

I -^ 

But {^a (.1)} a=i 2 3 ^pans a linear space slightly deviating from TqA'^ in 
general. The relation between jW^j , „ „ and \ Wn \ is that 

L aJa=l,2,-7 ^ J a=l,2,---7 

< (vp (i, z)) = \n {z)\-^ Wi (vp (i, z)) +S{q) = d^-h {z)-^'^ -^ + S {q) 

ox I 

VF° (v? {t, z)) = Wa {^ {t, z)) + R{q) = d^ ■ Wa {if (0, z)) + R (q) for a = 2,3, 

(65) 

where S {q) and R (g) are smooth vector fields on f/^ (p) satisfying 

\\^\\c^u,{p)) ' \\^\\c^u,{p)) ^ C'se- (66) 

This because the induced metric on A'^ = if (A^) C M, when restricted on 
^0) is 9ks:,h = h (z) dx\ + qy. by the property of ip, and 990 = id on Co, and 
then 



dexp : rA,|{o}xE ^ TM, 

, difo {W2) , dipo (Ws) ] = (n (z) , W2, 1^3 ) 



OXi J \ \OXi 



{0,z) 



which implies that S (q) and R (g) all vanish when t = 0, and (j66p follows 
from the smoothness of if. 

We write r = c^Iq (8) VF^ in neighborhood Us (p). By the parallel property 
of {W^} _i 2 7) ^^6 3-forms uJq are similar to the standard ones in ImO, 

in the sense that dxi is replaced by {W^) for i = 1, 2, • • • 7. We still have 
the formula (fT^ at q : 

i^' (0) V2 (q) = d(iy,u;o")®< (g) + iy,du;o"<»< (g)+a;^®Vy,< (g) . (67) 

We first estimate the term d{iv2^o) ® ^a ('/); it is the principle symbol 
part of the first order differential operator F' (0). We claim that 

d (iva^o ) ^ ^a = (deSp ■VVi)(S) dvolA' + E {q) Vi (68) 
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where E (q) is a smooth tensor on Us{p) with ||-S||(7i ([//„)) < Cae. To see 
this, for section V2 of -/V^T/^j we write 



V2 (q) = K=^r (q) W^ (q) = S^^^ (q) < (q) + Eq (q) V2, 

where ||£'o||(^i/f/ r \\ < C^e by ([U5|) . Similar to our proof of McLean's theo- 
rem, we have 

d (iv.coS) < ((/) \t,a', = VV2 (g) (ii;o;A^ + Ei {q) V2 (69) 

where 

VV2 (q) = -{cl>l + 4 + 4) < + {4 + 4- <g) Wl 

+ (0^ -(t>l + (f[) < + {4 + ^l- <t^\) Wl (70) 

and 

ct>\{q):=dct>^{q){W^) 

The reason is that from our construction of W^, Vp^oVF? (p) = for 1 < 

hj 1^ 7 thus d ((W^a) ) (p) = for ah a, and ujq are similar to the standard 
ones in ImO. Thus when q = p, 

d {iv^uj^) » VF° (p) |t,a^ = 2?V2 (p) (it^o/^, , 

and when (7 is e-close to p, in (j69p the error term Si (g) is of order e in C^ 
norm, because V^yoW?(g) = o{e) in C^ and span|W2(g)} _-, 9 3 ^^^ ^"^ 
e-order deviation from TqA'^ from ()66p . 



We want to show 



PV2 (?) = dexp o 



(.-./.(,),,. ^ + a) V, 



E,(q)V^, 



where the error term E-^ (q) is of order e in C^ norm, and the d = id,d 
is the Dirac operator on Dolbeault complex of the complex line bundle 
A^So/Co ~^ ^0 with normal connection of Sq in Cq, which was introduced 
in Section 13.11 

For this purpose, we first trivialize the bundle § over [0, e] x B^ (z) cA^ 
with fiber EI and let (1, i, j, k) be the standard basis of H. Note that from our 
construction of the basis {Wq}^^^ 2 ...7 ^^ [0' ^] ^ ^e (z), the correspondence 

{Wi,W5,We,W7) ^^ {l,i,j,k) 
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identifies the Clifford module structure of Span{W4, W5} ©SpanjWe, W7} — >Span{VF2, W3} 
(witli G2 multiplication x) and Span{l, i} ©Span{j,k} — )-Span{j,k} (with 
quaternion multiplication) we studied in Section 13.11 and the spinor bundle 
§ — )-Ae has decomposition S = S^©S^ with fibers satisfying 

S+ (t, z) = Span {Wi {if (0, z)) , W^ (99 (0, z))] ~ Span {1, i} = C, 

§- (t,z) = Span {1^6 (9^(0, 2)) ,VF7(vj(0,z))} ~ Span {j,k} = Span {l,i} -j =Cj 

~S+(t,z)x 1^6(9^(0,^)), 
S (t, z) ~ S+ (t, z) ©S" (t, z) ~ C © Cj ~ M. 

over [0, e] x Bi,{z). Here we regard {VFq, ((/? (0, z))}-^ 2 ...7 as frame fields on 
S ^ Af. by pulling back the bundle v?*-/Va{./j\/||o}xEo '^'^ ^0 by the projection 
map A^ — > So, and in S~^ it,z) x Wq {ip{0,z)) we use the cross product x 
in M. 

From (1M|) the section Vi of S satisfying dexp ■V\ = V2 is 

V^ (t, z) = S^^c/.- ((^ (t, z)) T^, (vp (0, z)) = T^l^^r {t, z) W^ (95 (0, z)) 

where we set 

V^"(t,z):=</."((^(t,z)) 

to emphasize it is a function on A^, not on A^. We write sections u,v of S^ 
and Vi of S such that 

u {t, z) := 0^ [if {t, z)) Wi (99 (0, z)) + cjf' (99 (t, z)) W^ {^ (0, z)) 

-V'^l + V'^iG S+{^{t,z)) ~c, 
V {t, z) := <f {if (t, z)) W^ (99 (0, z)) + ,^^ (99 (t, z)) PF5 (V5 (0, z)) 
-^''l + V^iG S+(vp(t,z))~C, 
Fi (t, z) := u {t, z)+v (t, z) X 1^6 (9^ (0, z)) 

~n + t;j G S((/?(t,z)) ~C©Cj ~H. (71) 

Then by (I62p we can write down the covariant derivatives of the bundle 
S -^As in local chart (xi, z) G [0, e] xB^ [z) C A^: 

5. = V|.,(,(o,.)) - W, (v. (0, z)) V^^^^^^„^^,, + o {e) Vu 
d. = yl^Mo,.)) + W, (^ (0, z)) V^^^^^^^^^^^ + (e) V„ 



50 



where V is the connection on spinor bundle § — t-A^, especiaUy on sub-bundle 

S+ = 
that 



^Eo/Co' ^^ restricts to normal connection V^ on S+ = A^Eq/Cq- Note 



"^wWk (p) = ior i = 2,3 and 4 < k < 7 

from (i63|l . and 

Vfy^Wa = ior a = l,2,3---7 

for our {Wa {^ (0, z))}^ ^ 3 ...7 is regarded as frame field on S — J-A^ by pulling 

back the bundle ^* ^ k' |M\{fi]y.ll^^ on Sq by the projection map A^ — > Sq. 
With these understood, and we have 

vvx = (ei • Vi + a) Vi 

= (Viui — dzv) + [—Vivi+dzu) j + o (e) Vi (where Vi = u + v] as in ([71]) ) 
=VfKi (V''W^4 + V'^VFs) W5- (V%^ - VFsV^J (V'T^4 + ^'W^) Wa 
- V|/, (V'VF4 + V'W^5) H^7+ (v|k2 + ^5V^3) (V'VF4 + V'VFs) W^ + o {e) Vi 
= - {^\ + ^2 + V'l) Wa + (^t + V's - ^2) ^5 

+ (^^2 - ^i + V'D w^6 + (v-l + V'i - ^?) ^7 + o (e) Fi , (72) 

where 

^f(t,z):=#^(t,z)(W,(v;(0,z))). 

By chain rule and (j65p . for 4 < /c < 7, 

^. (t, .) = ( ^ (^)""^, ^ (f ^; (^ (J' f ) +; (^.) ^1 fo; ^ = 1' = ^f (^ (t, .)) + o (e) V, 

y (j)^{Lp{t,z)) + o{e)Vi fori = 2,3. 

(73) 

\ — - — - rl 

where in first row, the first h {z) 2 is from Wi = h(z) 2 ^2_ and the second 

h (z) 2 is from ^99 (t, z) = n (z). Comparing ([70|) and (j72]) . and noticing ([65]) 
and ([73]) . we have 

dexp • VVi = VV2 + o (e) Vi. 

Therefore we get 

' (tif 
Next we estimate the remaining term iv2dujQ (g) W^ + cjq (g) Vv'2Wa i^i 
([67]) . Since ivjC^'^o ^'^'^ ^Vi^^o ai"6 0-th order linear operators on V2, we can 
write 

iv^dco^ (^W^ + uj^0 Vv2W^ = BV2, 
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where B = B (q) is a smooth tensor on A'^ by the smoothness of r, Wj^ and 
ujq. Since Vr = 0, 



iwdoj^ (p) = Vh/TV° (p) = for all W e N'^^/m (p) 
(by an argument parallel to proof of Theorem[9|), we have B (p) 

rtop 



KZm(p) 



0. 



Since dist(p, q) < CqS for some uniform constant Cq, and N ^jj^.j is a smooth 
fiber bundle over A'^^ we conclude that the operator norm 



B{q) 



K^i^M 



<Cie. 



Therefore we have 

\BV2{q)\<Cie\V2{q)\ 

\\BV2\\cO{U,{p)) 



for all q £ Uir (p) 



< C^e m\^,r . . for an V^ G T (n'^F,,, 



To estimate [BV2]a-uJp)-> iiotice that B (q) is a smooth tensor on Ue (p) with 
BV2 (p) = 0, thus 



[BV2I: 



a;U,(p) 



< 2e 



l-a 



[W2]i^ 



Ueip) 



.1-a 






U4p) I^2|c0((7,(p)) + iB]cOiUe(p)) [^2]i;(74p) 

IF. 



(by triangle inequality) 



C71(C/.{p))II''2|Ici(a^,7v7^J • 



Combining 1151/211(70 ^^^ [B^2]a'^^ S^t 



I-BF5 



2llC"(C/e{p)) 



I^^2|lc0([/,(p)) + [^^2]c,;C/,(p) 

co(A^)+e "" ||-B|lci(c/e(p)) 



< Cie||y2||r70MM +e " \\B\\ri{rL(-r,\) 11^21 



< C2e^-" 11^2 



CHA',) 



(75) 



The constant Ci is uniform for all e, by the compactness of E and finite 
covering of such turbular neighborhoods on A'^. 
Putting dZSI), dZl]) in ([67]), we have 



F' (0) V2 - (dexp ■VVi)(g) dvolA'^ Wc^iu^ip)) 



<C5e^-" 111/2 
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Notice that F' (0) V2 (q) and (dexp • T>Vi) (^ dvolj^i are independent on 
the choice of basis {VF^} _, 2 7) although in the above calculation we used 
such (good) basis. Using finitely many Us {p) that cover A'^ and then take 
supremum, we have 



F' (0) V2 - (dSp • VVi) ® dw/Aj(;.(^,) < Ce^-'^ ll^i|lci."(A„s) • (76) 
Applying P^ on the left hand side of the above inequality, and noticing 

-top 

A'JM 



that (dexp) o VVi is a section of N?^,j^ thus 



Pe ■ ((dexp) o VVi <g) dvolA'J = (dexp) o VVi. 



we get 



F,'(0)F2-(dSp)oWi . ,„, N 

= \\Pe-{F' (0) V2 - (dSp) o VVi dvolA'J |L„/,, ^top A 

< ||Pe|| • Ce " II^i|Ici.«(Ae,§) = ^1^ " II^iIIci.«(Ae,s) (''"'') 

where Ci = C ||Pe|| is another constant. ■ 

Strictly speaking, to define Dirac operators on Dolbeault complex of line 
bundles L — t- S, the connection should be Hermitian connection, while in 
the above proof we used the Levi-Civita connection induced from metric on 
M. The next lemma shows that it is Hermitian. 

Lemma 16 For complex line bundle L = Nj^g/(j or -/V^/mIso; the Levi- 
Civita connection V induced from the metric of M is a Hermitian connec- 
tion, namely VJn = 0. 

Proof. When L = N^^^-^jq or ^Vc/mIso' by definition 

J = J„ = — - X = VTi X and V^ = vr^ o V, 
\n\ 

where V is the Levi-Civita connection in TM, and it is the projection of 
TM to subbundle L over Sq by the orthogonal decomposition 

rM|s„ = TSo © iVs„/c © A^C/mIeo e spanjH^i} Jeo- 

Note that on P^ (p), TSq =span{W2, W^}. For i = 2, 3, 

^WiJn = V^, {Wi X \l) = Ti^ {VwiWi) X li = {Wi,VwiWi) Wix\l = 0, 
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where the second identity is because for L = Nj^^/c =span{Ty4, 1^5} or L = 
Nc/mI'Sq =span{1^6, W7}, under cross product x, only the Wi component 
of VwiWi can preserve L, i.e. 

WixLcL, and {Wk x L) n L = {0} for 2 < A; < 7 

from octonian multiphcation relation, and the last identity is because (VFi, Vvi/i^i) 
iVvi/i {Wi,Wi) = 0. Thus V^ J = for any v e TSq. ■ 

— ti'tj-^ 
Proposition 17 There exists a right inverse Qe of F^ (0), such that 



Qe 



-true 



< Ce 



1+2") 



, where the constant C is uniform for all < e < Eq. 



Proof. From Theorem 1141 for operator T> on spinor bundle S over A^, there 
is a right inverse Qe of V such that \\Qe\\ < Ce 

T> = dexp oD o ((iexp) 



-+2a) -r ^ 

-p K Let 



-1 



Qfr = dexp o Qe o (dexp) 



then 



and 



Qe 



< ||dSp|| -Ce' 



'-+2a 



(dexp)' 



<Ce~ 



'-+2a 



f; (0) Qe-id= [F'^ (0) - P + P j Qe - id 

V; (0) -V)Qe+ VQe - id 

V;(o)-p)q;, 

where the last identity is because T>Qe = dexp o VQe o (dexp)^ = id. From 



the previous proposition 



Fl{0)-V 



< Ce ". Therefore 



f; (0) Qe - id 



< 



F^iO)-V 



Qe 



< Ce'"- ■ Ce-y^^'V < 



when e is sufficiently small, by our assumption that 1 — M + 3a j > 0. So 
Qe is an approximate right inverse of F^ (0). The true right invese Q*^""^ of 
F^ (0) is g*™^ = Qe If', (0) Q;)~'and 



Q 



true 



< 



Qe 



F'e{^)Qe 



-1 



<C£-U+2"j.2<C5- 



h2a 
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4.2 Quadratic Estimates 



Proposition 18 There exists 5q > such that for all sections Vo,V of 
^A^/M ^^«^ ll^o|lc.i.cC^^^jv*7 \<5q, we have 



\F',{Vo)V-F',{Q)V\ 



V ^' A'^/MJ V A'^/M 



\v\ 






where the constant C is independent on e. 



Proof. Because F^ {V) = Pg o F (V) and Ps is a bounded linear operator 
independent on V, it is enougli to prove tiie quadratic estimate of F{V), 
namely 



\F' (V,) V - F' (0) V|lc..(.,,„^,„) < C|| V„||,.,.(,,,„» J 



IV^I 






For any p = ip{t, z) on A^ , we choose a normal frame field {Wa}^^-^ 2 7 ™ 
its neighborhood Bs^ (p) where r = w" C?> Wq; with 60 = the injective radius 
of M. For the point q := exp^ Vq and If |Vo| < Sq, then we can assume this 
neighborhood covers q. For the family of embeddings of submanifolds 



we have 



iPt := exp (Vb + tV) -.Ae^Ae {Vq + tV) C M, 
^0 (^e) = A, (Vb) , 






i;t{q) = {dexp,Vo)V{p):=Vi{q) 



t=0 



for any p £ A'^ = Af, (0). Arguing as in theorem 1, from Vr = we have 
S7Wa (q) = duj°' (q) = 0. We have 



F' (Vo) V ip) 
d 



dt 
d_ 

Ik 

d_ 
lit 



F{Vo + tV){p) 



t=o 



[exp {Vo + tV)* w" (p) Tv,+tvWa (expp (Vb + il^))] 



i=0 



(exp(Fo + tV^)*a;")^W^(p) 



t=o 



+ (expVb)*c^"(p)0 



t=o 



ry„+ty W„ (expp {Vo + tF)) 



(78) 
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where in the last equahty we have used Tv^+iv'^a (expp (Vq + tV)) = Wa (p) 
by the parahel property of Wa- 

For the first term of (j78p . by the property of the exponential map, namely 
dexpg (0) = idTqM iWe have 

expp {Vo + tV) = expg (tVi + t\V\P {VoV, t)) o exp^ Vo 

where Vi = (dexp^/VojV^ is a vector field on A^{Vq)^ /3(Vo,V^, t) and 
/3' iy^y-.t) are uniformly bounded, and limt_j.o/3 (Vo,^, t) = 0. Therefore 



d_ 
Hi 



exp(yo + tl^)*u;'"(p) 



i=0 



t=0 



exp^, Vq exp^^(y^) (tVi + t |y | /3 (^o,^, t))* oj' 



= (exppVb)*iyiw" 

= (expp Vo)* {d {iv^uj") + iv^du}") , 

where in the third equality we have used that limt^o P (^o,^) t) = 0. For the 
second term of (I78p . by Gauss-Bonnet formula, which compares the parallel 
transports along different paths by curvature integration, we have 

Tvo+tvWa (expp {Vo + tV)) 

= Tv, o Ttv,+t\vmvo v.t)Wa (exp, {tVi +t\V\P {VoV, t))) + [ i? (a) daW^ {p) , 

JA(yo,tv) 

where R{(t) is the Ricci curvature tensor, /\{yotV) is the 2-dimensional 
geodesic triangle with the vertices p, exp Vq, and exp (Vo + tl^), and a is 
the area element. Therefore 



d_ 
di 



t=o 



Tvo+tvWa (expp (^0 + tV)) 






t=0 



Ttv,Wa{expgtVi)+ — 



dt 



t=0 JA{VotV) 



R{a)daWa{p), 



where in the first term we have dropped the higher order term t \V\ (3 (VoV, t) 
since it is irrelevant for derivative at 0. If we denote 



B(Vo.V):=^ 



t=0 JA(Vo,tV) 



R (a) da, 



It can be shown that 

\B {Vo, V) Wa {p)\ < Cs \Vo\ \V\ \Wa\ {p) , 
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where C5 is a constant only depending on (M,g). Plugging these in ([78|) . 
we have 

^'(^0)U.,0)^(P) 

= (exp VoY Lviw" ® Wa {p) + (exp Vb)* c^" Tvj.Vy, W^, (g) + B (Fq, V^) T^a (p) 
= ((exp yo)* ^ TyJ o [Ly^o;" TV, ((7) + a;" (g) O Vv.iya ((7)] + B {V^, V) W^ (p) 
= ((exp Vo)* ^ TyJ o [{d (iy,w") + iv.duj") ® ty„ (g) + w" (g) «) VviT^a (g)] 
+ B{Vo,V)Waip). (79) 

Here we have used that Ty^Wa {q) = Wa (p)- The ([79|) can be rewritten as 

^' (^0) U,(o) ^ (P) = ((exp Vb)* Tyjo [F' (0) Uav^o)^! (9)] +^ (^0, ^^) H^. (p) , 

which means the derivative F' (Vb) on A^ (0) can be expressed by the deriva- 
tive F' (0) on Agr (Vb) via the transform (exp Vq)* (8) Ty-p, up to the curvature 
term B (Vb, F) Wa [p)- If Vq = 0, then q = p and V^i = V , together with 

iyduj" (p) = VvWa (p) = B (0, V) = 0, 

the formula (f79|) is simplified as 

F'{0)\A'V{p)=d{ivUj'')(S)Waip). 

Therefore 

i^'(Vb)V^(p)-i^'(0)y(p) 
= [(exp VoTd (iy,w") - d (iv^")] U,(o) ^ VV^a (p) + (80) 

((exp VoY ® TvJ o [iv.duj'' «) W„ + w" ® VviiV^a] (p) + B {Vo, V) W^ (p) 

(81) 



For the second row (j8ip . it is a 0-th order linear differential operator on 
yGCi."(r(iV^^/,,)), where 



Vi = (^(iexp^^(o) Foj V:=E (Vb) V^. 
We notice that for the linear operator 

H : C^'- (r (iV^%,)) ^ C" (r (Fom (TMU, ,rMU^(v^„)))) 
that sends 

^0 ^ ((exp Vb)* » TyJo[i^(^^)(.)dw" » VF„ + W" » V£;(y„)(.)tV^J+B (Vb, •) Wa, 
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-ff is a bounded operator since the terms exp Vq, (exp Vq)* ,Tvo,E {Vq) and 
S (Vo, •) as elements in C° are differentible for Vq G C^'" (t (a^^?/m)) with 
bounded Frechet derivatives. The bound of the derivatives is uniform on e 
so \\H\\ is unformly bounded. Since H (Vq) = when Vq = 0, we have 

ll-f^(^o,"t^)|lcc. < Cs ||^o|lci."(Ay ll^llci'^^CA^) • 

For the first row (fHOj) . [(exp Vq)* d {iviUj") — d {iyoj"-)] is a first order hn- 
ear differential operator on y ( Vi = (dexp^^j-Q) (Vq)) V\, and only involves 
the covariant derivatives of y. In the next lemma we will show 

||(expVb)*(i(iv'iW°) -d{ivuj'^)\\co.{^A',) ^ ^7 ||Vb||ci,^(A^) ll^llci.«(AO ■ 
Combining the two rows we get 



Lemma 19 For any Vq^V G F [^^^ij^A with ||Vo||ci,a(^/) < Sq, we have 

\\{expVo)* d{iv^uj°') - (i(iyw°)||^^(^^) < C7 ||Vb||ci,a(A^) ll^llci."{A^) ' 
where the constants 60 and C7 are independent on e. 
Proof. Consider the 3 linear maps from TpAI to TqM, where q = expp Vq : 



Palvo 

d(expVb) 

d (expp) (Vq) 



TpM — )• TqM, parallel transport along the geodesic exp^tVo for < t < 1, 
TpM — )• TqM, tangent map of the diffeomorphism exp Vq : j4^ — )• A^ (Vq) , 
Ty;, (TpM) — )• TqM, tangent map of the exponential expp : TpM — )• M, 



where in the last one we identify Ty^ (TpM) ~ TpM. Note that for diffeo- 
morphism d(exp Vq) we need a vector field Vq on A'^ but for d (expp) (Vq) 
we only need Vq £ TpM, so they are essentially different maps. But the 
3 maps are very close to each other when Vq is small. More precisely, for 
any Vo,V £ T (^^T/j\,j) with ||Vb||(^i,Q(^/-> < i5o, we have comparision of the 
maps as the following: 

d (exp Vo)V = PalvoV + hi (Vq) V, 
d (expp) (Vq) V = d (exp Vq) V + h2 {Vq) V, 
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where for each i = 1,2, the error term 

h. (•) : C^'" (r (iV^%,)) ^ C^ (r {Horn (TMU, ,TMU^(v^„)))) . 
is differentiable with respect to the varible Vq, and 

hi (Vo) = for Vo = 0. 

This is because for any fixed p, Paly^(j,-^ and d (exp^) (Vq) smoothly depend 
on Vq, and for the compact family p G A'^, Palvo and d (exp^) (Vq) inherits 

the smooth dependence on Vq G C^'" ( F (^^T/j^,f ) ) ; For (i(exp Vq), since 

d (exp Vo) (x) = Fi (x, l/o) dx + F2 (x, ^o) dVo (x) 

where Fi {x,y) = ^ exp^. y and F2 {x,y) = ^ exp^ y are bounded on A^, 

we see (i(expVo) G C" smoothly depends on Vq G C^'° (F (-^^T//;,/^) ) with 
bounded Frechet derivative. This especially implies that 



'A'JM 



\\hi (Vo) V\\^a < Cs ||Vb||ci,a(^y l|V^llci."(A^) • (82) 

for i = 1,2. We have 

Vi = d{e^pVo)V + h2{Vo)V, 
d (exp Vo) W^ (p) = Wa (q) + h (Vo) W^ (p) , 
(exp Vo)* u^ (q) = 0.° (p) + /i3 (Vo) ^" (q) 

using the parallel property of Wa and r (hence w"). (Here /is (Vq) depends 
on Vo G C"*^'" (F (^^T/^j) ) smoothly by similar reason of hi and /i2. Since 
w'^ is a 3-form, /i3 (Vq) can have terms of cubic power order of Vq). Therefore 

(exp Vo)* d (ivi^") - d {iy^") 

= d [(exp Vo)* {idie^pVo)v+h2iVo)v^'^) - iv^°'] 

= d [(expVb)* id(expVo)V^'^ + (exp Vb)* ih^iVoW^'^ - W^"] 

= d [iy (exp Vq)* uj" + (exp Vq)* ih^^^yoW^" ~ ^vw"] 

= d [iv (w" + /i3 (Vq) uj") + (exp Vq)* ih^(^Vo)V^°' - ^V^"] 

= d [iv (/13 (Vq) u" (q)) + (exp V^o)* ^^(Vo)^'^" (q)] ■ 

Using the property (j82p of hi [i = 1, 2, 3), we observe that each term in the 
above last identity in C" norm smoothly depends on Vq G C-^'" f F f N^f,j^ 
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and linearly on ^ G C^'" [T (a^^T/j,,J j • Also when Vq = 0, (exp Vq)* d {iy^oj")- 
d{iv^") = 0. Therefore 

\\{expVo)*d{iviUj'^) - (i(iya;")||c.c(^0 < C" ||Vb||c-i,a(^^) ll^llci.«(AQ ■ 



Remark 20 We also have some point estmates tied to the feature that t is 
a 3-form. It is well known that for any smooth maps (p : A^ ^ M , 

\dexp^Vo\<Ce{\d^\ + \VVo\), 

where Cg is a constant only depending on {M,g), hence 

l(dexppVb) ^1 < Ce {\d^\ + iVyol) \V {p)\ , 

and 

\[iexpVord{iv,uj'')-d{ivoj'')](^W^{p)\ 

< Cr {\d^\ + \VVo\f {\VV\ \Vo\ + \V\ |VVo| + \V\ \Vo\) {p) , 

where the power 3 is because uj'^ is a 3-form. For the second row of l\81\i . 
it is a 0-th order linear differential operator on V iVi = i dexp^^/Q) M) ) ^) ■ 
By the C^ smoothness of t = uj^ ® Wa and 

iwduj"" (p) = ^wWa (p) = 

for any W ^ F i -/V^T/^j j , so at q = expp Vq we have 

\iv,duj'' {q)\ < Ca m \V\ , \Vv^Wa {q)\ < Q \Vo\ \V\ . 
Hence 

I ((exp ^o)* ^Tv,)o [iv.duj'^ (^Wa + u'^^ Vv.Wa] (p) + B {Vq, V) Wa ip)\ 
< Cl {\d^\ + \VVQ\f ■ 2C4 l^ol IV^I {p) + C5 l^ol IV^I {p) ■ 

where the power 3 is because uj"' is a 3-form. Combining all, we have 

\F'{Vo)V-F'{0)V\{p) 

< C7 {\d^\ + \vvo\f m\ \v\ + \vvo\ \v\ + i^ol |vy|) + C5 m \V\\ {p) . 
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Because of the cubic power terms, it is difficult to get similar quadratic es- 
tim^ate in W^'^ setting, namely 



|^'Wl^-^'(0)y||,,(,^^,^^^)<C 



^^■K^-^T/m] 



iv^l 



^H^'^KZm] 



This is one of the key reasons that we choose the Schauder setting for implicit 
function theorem, where the right inverse bound of F' (0) is much harder to 
obtain than in U* setting. In contrast, the Cauchy-Riemann operator of J- 
holomorphic curves is more linear in L^ setting: it has quadratic estimate 
(see \2EI) 



\F' {Vq)V - F' {Q)V\ 



LP(S) 



< C 



VKi.P(E) 



\V\ 



H/i>p(S). 



4.3 Perturbation Argument 

To find the zeros of F^, we are going to apply the following quantitative 
version of the implicit function theorem (c.f. Theorem 15.6 [8j or Proposition 
A3.4 in [28j). 

Theorem 21 Let (X, |-|jsj^) and (y, |-|y)6e Banach space and F : Br (0) C 
X ^ Y a C^-map, such that 



1. (DF {0)) is a bounded linear operator with {DF {0)) F (0) 



<A 



and 



(DF iO))-' 



<B- 



2. ||Z)F(x)-Z)F(0)|| < k:|x|^ for all x £ Br (0) ; 

3. 2kAB < 1 and 2A < r. 



Then F has a unique zero in B2A (0) . 

To apply the above theorem, we define the map 



Fe := e Vp ; 



F,:Ci- 4,iV*-,, 



C^^'^ik'Nl', 



tap 

A'JM 



Then Proposition [T7] implies that 



DF, (0) 



<e 



'-+2a 



■Ce Vp- 



h2a 



C. 
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'C ' I A' N 



"k'JMl' 



By PropositionlHl for ||Fo||^i,a ,'„, „jtop \ < Sq and any V G Ci'" ( A^, Af*7 ^ 



(^DF, {Vo) - DF, (0)) V 



C^ik' N 



\-2a 



<Ce Vp ^ ||T^oIUi,c^, ^r'°p JI^IIcI'-Ta' 



For F (V) = Ty o (exp V)* r, fixing a volume form on A^ we can regard 
F {V) a section of TMIa/,. We have 



= C7 



(9^V)(0,z)+ l^^" ±-^{^*r){s,z)ds 



C 



d 

dxi 



ip*T (s, z) ds 



CO-°'{A'^,TM) 



CO'"(A^,TM) 

< Ce^-", (83) 



where (93*r) (0, z) = is because 99 (0 x S) is J„-holomorphic, and the last 
inequality is because for 

rxi Q 

H{xi,z):= / - — (p*T{s,z)ds 
Jo oxi 

where / (s, z) := ■^(p*T {s, z) is smooth on [0, e] x S, we have 

^8 = ll/llcO(A,)£' 



l^llcO(A,) ^ I \\J IICO(A,)' 



Jo 



.l-a 



Mk<C[^]r;\.£'""<ll/llcO(A.)^' 

(Here [/l^.^^) [/]q-a ^-^^^ the Schauder components of / in the z and xi 
directions of A^). Note that (j83p implies that the tangent space of A^ is 
e^~"-close to be associative. 
By our construction 

Fe (V) = *A, o ±A, o F (V) , 

where *a' o J.^/ is a bounded linear operator and Ty is a parallel transport, 
we have 



FeiO) 



^H'^^^T/m) 



+2a 



<Ce"Vp--"y ||F(0)|| 



--U+2"Li 



CO'" k, 



■\'JMJ 



l-^+3a 



<Ce \p^^"Je'-°' = Ce Vp 
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Then we have 



Fe{0) 



+2a) 



C"'«{Ae:,S) 



< Ce p 



Note we have choosen that < | + 3a < i (say a = 1/12 and p > 12) in 



the beginning, so 1 — - — 5q > then 



DFe (Oy^ Fe (0) 



+2a 



CO."(A£,§) 



< Ce 



1- 



-3a 



•-+2a 



Ce p 



as e - 
with 



0. Theorem [21] then imphes that there is a unique 14 G F ( Nj^,., 



IK II / 



A^/A/ 



< 2Ce'-^p^'V 



(84) 



that solves F^ (K) = 0, i.e. F^ (Ve) = 0. Note that ([83]) and dUl) together 

imply .ha. .he .a„ge„. .pace of A, („) i. .-{^-)-close .o be a..ocia.ive. 
By Proposition [8l for almost associative submanifolds A^ (Vs), 

F, (K) = O^F{Ve) = 0, 

while the latter means that Ag (Ve) is associative. 
Finally, we obtain our main result: 

Theorem 22 Suppose that M is a C2-manifold and Ct is an one parameter 
family of coassociative submanifolds in M. Suppose that the self-dual two 
form T] = dCt/dt\t=Q G ri^ (C) is nonvanishing, then it defines an almost 
complex structure J on Cq. 

For any regular J -holomorphic curve S inCo, there is an instanton A^ in 
M which is diffeomorphic to [0, e]xT, and dAf, C CoUCe, for all sufficiently 
small positive e. 



In particular, by combining Taubes' result on GW=SW [32] [33] [31] with 
the above theorem we have the following existence result and proof is left to 
interested readers. 

Corollary 23 Suppose that C is a coassociative submanifold in a G2-manifold 
M with non-trivial Seiberg-Witten invariants. Given any symplectic form rj 
on C , we write Ct 's the corresponding deformations of C in M such that 
r] = dCt/dt\t=o. Then there is an instanton At in M with boundaries lying 
on Cq U Ct for each sufficiently small t. 
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Finally, we expect that any instanton Ain M bounding Cq U Ct and with 
small volume must arise in the above manner. Namely we need to prove a 
e-regularity result for instantons. 

A few remarks are in order: First, counting such small instantons is basi- 
cally a problem in four manifold theory because of Bryant's result [B] which 
says that the zero section C in A^ (C) is always a coassociative submanifold 
for an incomplete G'2-metric on its neighborhood provided that the bundle 
A^ (C) is topologically trivial. Second, when tj has zeros, the above Theo- 
rem [22] should still hold true. However using the present approach to prove 
it would require a good understanding of the Seiberg-Witten theory on any 
four manifold with a degenerated symplectic form as in Taubes program. 
But at least for regular J^-holomorphic curves S in Co that is away from the 
zero locus of 77, the instantons A^ in Theorem [22] still exist nearby S C M, 
for our gluing analysis only involves the local geometry of E in M. Third, 
if we do not restrict to instantons of small volume, then we have to take 
into account the compactification of the moduli of instantons which has not 
been established yet, e.g. bubbling phenomenon as for pseudo-holomorphic 
curves, and gluing of instantons of big and small volumes similar to [30] in 
Floer trajectory case. Nevertheless, one would expect that if the volume of 
Ai's are small, then bubbling cannot occur, thus they would converge to a 
J^-holomorphic curve in Cq. 
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